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PHUONG TRINH VI PHAN VA Li THUYET CHUOI
BAI 1. CHUONG I. LY THUYET CHUOI
§ 1. Pai cwong vé chudi so
o Djph nghia o )
e Diéu kién can dé chudi héi tu

e Cac tinh chat co ban

Pt van dé: 1+t p oo
2 4 8 2N
e C6 phai 1a ctr cdng mai cac sb hang cda vé trai thi thanh vé phai?
el+(-1)H1+(-1)+...=7
1. Chudi s6:
Dinh nghia: V&i méi sé tw nhién n, cho twong trng véi mot sb thuc a,, ta co day
so ki hiéu la {a,}.
Dinh nghia:

e 0]

Cho day s {a,}, ta goi téng v6 han a;+a, +a; + - la chudi s, ky higu la > a,,
n=1

an la s6 hang tong quat.

Sp=ai+ax+az+ ..+ a,latong rieng thi n. Neu lim S, =S thi ta bao chudi

n—oo
hi tu, c6 tdng S va viét: Y a,=S.
n=1
Khi day {S,} phan ky thi ta bdo chudi Zan phan ky.
n=1
Vi du 1. Xét sy hoi tu va tinh Zq”
n=0
n+1
S,=1+q+q°+--+q" = tq , ol <1
-q
1
imS, =——, |g|<1
n—oo n 1—q ‘q‘
Phan ky khi [q| > 1
= 1
29" =7 lal<1.
n=0 —-q
Vi du 2. Xét sw hoi tu va tinh Z L
— n(n+1)
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1 1 1 1 1 1 1 1 1 1
S, =——+—+-+ =l -—=|+|=—= |+t ——— |=1———

1.2 2.3 n(n+1) (1 2 2 3 n n+1 n+1

lim S, = lim (1——1j:1

n—oo Nn—oo
= 1
n(n + 1)

n=1

(Chudi diéu hoa) S, :1+%+%+...+1

Vi du 3. Xét sw hoi tu, phan ky
n

S
I
—

NE
AP

L&y n> 2™ ¢6

1 1 1 1 1 1 1 1
Sp >+ttt — == || o [+ o+ |+
2 3 2m* 2 3 4 5 8
1 1 1 m 1 1

>—42.—+4.—+---+2" =(m+1)=
2 4 8 2m+1 2

( 1 1
2m+1 2m+1

Do d6 S, c6 thé Ion bao nhiéu tuy y, nén cd lim S, =«
n—oo

Chubi da cho phan ky
Vi du 4. Chudi nghich dao binh phwong: Ziz

1 1
=1+ —=+—=++
2c 3 n

2
1 1 1 1 1 1
=1+|-—=|+|=—=|[+|=—— |+
2333

S, tang va dwong

S

n

e Y a, héity thi lim a, =0 (Didu kién can dé chudi hoi tu)
n=1 *

Ching minh: ~ Cé a,=S,-S,4; lma,=1m(S,-S,4)=0

n—oo n—oo

e Néu lim a, = 0 hodc khong tén tai thi chudi Zan phan ky.
n—oo 1
e Thay déi mét sd hiru han sé hang dau khéng lam thay déi tinh hoi tu hay phan ky ctia

chudi.
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o0

Vi du 5. n
n+1
n=1

im - —120

n—o N +

Z—” phan ky
n+1

n=1

Vidu 6. i(—1)n =1+ (=) +1+(=1)+--

Email: thao.nguyenxuan@hust.edu.vn

1 =2k,k e N
Co lim (-1 =~ "TENE
n— o -1 n =2k+1.

Khong tén tai lim (~1)"

n—oo
> (=1)" phan ky.
n=1
Vi du 7. Tim tbng (néu cé) cta chubi sb sau §+i+---+2n—+12 (bS:

36 n?(n+1)
1)
[es) n _1 n [es) n n
Vi du 8. a (K50 — PK) . b (K60 PK
' (K30) ;(nﬂj (PK) (Ke0) ;(n+3) (PK)

2. Tinh chat. Gidst Y a,=S;, ) b,=S,,
n=1 n=1

. Z(aan+,8bn):aian+ﬁibn = aS; + BS,

n=1 n=1 n=1

§2. Chudi s6 dwong

¢ Dinh nghia e Cac dinh li so sanh

1.Bjnh nghia: ) a,, a,>0
n=1

Nhan xét. Zan héi tu khi va chi khi S, bi chan.

n=1

Trong bai nay ta gia thiét chi xét cdc chubi sé dwong

2. Cac dinh li so sanh.

e C4c tiéu chuan hoi tu
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Dinh li 1. Cho hai chudi sé dwong, a,, < b,,, ntuy y hodc tr mét lic nao d6 tré di

D b, héitu= > a, hoity
n=1 n=1

ian phan ky = ibn phan ky

n=1 n=1
Chirng minh.
aj+a,+---+a,<by+by,+---+b,
0<S,<T,
Rut ra cac khang dinh.
— 1 . — 1
Vi du 1. Vi du 2. Z—
' ;3%1 ) ~Inn
Chuéi dwong (|3hu6i duwong
3" +1>3" nn<n
1 0<l<fL
an n Inn
3"+1 3
N han ky
in:% hoi tu z Y y
n:13 1—— "
. 1 han k
— Chudi da cho hdi tu zm phan Ky
n=

Dinh li 2. Cho hai chudi sb dwong, lim 2.~ k » 0= Za va Zb cung héi tu

n=%Bn n=1 n=1
hoac cung phan ki.

o0 o0
Nhan xét. Déi v6i cac chudi sé duong » a, va > b,:
n=1 n=1

1°/ Néu I|m =0 va Zb hoi tu = Za hoi tu

n—o
n n=1 n=1

2/° Néu lim 21— o va Y b, phanki= > a, phanki

n—o
n n=1 n=1

Vi du 4. 22n+2
n —

Chubi duwong
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1+g 1+g

n+2 _.n n__ 1 n
2n®-3 2n° 4_ 3 2n*4_ 3
2n° 2n°

1 1 — 1 1
Khio0<p<1co0<nP<n—=—>—, do — phan ky nén — phan ky.
p 5z, do ) — phanky ;np phan ky

n=1

Khi p>1, n tuyy, chon m sao cho n<2", co6

1 1 1 1 1 1
Sp<S. ;=14 —t+—|+| =+t = |+t bop————
27 2P 3P ) \4P 7P (Zm—1)p (Zm_1)P

2 4 21 1 1 1
£1+2—p+4—p+---+( 1)p:1+2p_1+( 1)2+---+W
2 2P~ 2P~
m
:1_8 < L ,O<a:—l—<1
1-a 1-a 2P

Day S, bi chan trén = Zip hoi tu.

n=1 n
KL: Chudi hoi tu v&ip>1vaphankivéi0<p<1.
= 1
Vi du 6.
;\/n?’ +3
Chubi duwong
1 1 1
" Jnd 43 n3’2\/1+3 "2
3
lim 20— 1
n—oo

n
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e 0]
> b, hoity

1

1 nd+3

idu?7

hoi tu

M 1

]
I

<

a(K49) 1) iln(1+\/n+2 ~Jn=-1) (PK)

b(50) 1)gnsin2% (PK);
c(K51) 1) y"1+cosn (HT)
nzz; \/n5 +1
d(K52)1)i(x/n+2—\/n—1) (PK)
n=2

3) sin——"+" (HT)

Z \/n +2n%+3
e(K54) Xét sw hoi tu

1) Z nn (HT)

3) nin| 1+ arctan? (HT)
> (+ 2J7 }

n=1
f(K56) Xét sy héi tu
- 1
1 _ PK
)Zn+1—lnn (PK)
n=1
3) i( 1 —sin 1 j (HT)
~\Jn ~ n
g(K58) Xetsyhoity : 1) S+
noiy(n+1)3
h(K60) Xét sw héi tu
-, N+3
1 In PK
)HZ:; n+2 (PK)

Email: thao.nguyenxuan@hust.edu.vn

2) Zsm Jn+1-Jn-1)  (PK)

n=2
% 1
2) Zl(zﬁ —1) (HT)
n
n=1
2) Zn+3smn (PK)
n=1 n +1

n=1arcsin— +Inn
n

2) Zln(n+1) (HT)
n=1

N
%)
(@)

2) i(% ~1) (PK)
n=1
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3) Cac tiéu chuan hoi tu
a) Tiéu chuan D’Alembert

a
lim Zo+1 —

n—o an

Khi | <1= Y a, hoity

n=1

Khi />1= > a, phanky.

n=1
Chirng minh
e/<1:Tir lim 201 =/ chone>0dibédé/+e<1= 20l <+ 4 v n>ng.
n—o0 an a,

a
e Mt khac c6 a, = —2n Zn-t. ot ap <(+&)"™a, -0,n—>w
8p_1 8p-2 ano
Do dé lim a, =/
n—oo
o/>1: T lim22 =/ chonedibédéd/—e>1= 20 _c51= a,.,>a,
n—owo an an
— phan ki
Nhan xét. Khi / = 1 khong c6 két luan gi
Vidut. S
) n!
n=1
1
a, m>0
|
jim 21— jim i — lim 1 —0 <1
n—wo a, n—>oo(n+1)! n! n—>oo(n+1)! n—o N +1
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an,
lim 2+ =0<1
n—owo an

Chubi da cho hoi tu

Email: thao.nguyenxuan@hust.edu.vn

1.3.5.--(2n -1
Vi du 3. Xét sy hoi tu, phan ky cta chudi 1+E+£ + ( d )
2 25 258 2.5.8--(3n-1)
1.3.5...(2n -1
a 3.5--«(2n )>0
2.5.8--(3n-1)
ap.q  1.35-(2n-1)(2n+1) 1.35-(2n-1)  2n+1
a, 258-(3n-1)(3n+2) 258-(3n-1) 3n+2
jim Zns1 =2 4
n—o a,
Chudi d& cho hoi tu
Vidu 4
n 0 | n
a(K49) 1) Z” 'S (PK) Z 2 (HT)
n=1
7”(n)
3) Z (HT)
32n+1 22n+1
b(K51) 1) » ———— PK HT
( ))Z 4" In(n +1) (F) )25”In(n+1) ald
(2n+1)!! (2nmM
3)Z—n (HT) 4)2 - (HT)
n = n
3n° +2n +1
c(K52) » — = T HT
(K52) Z 2"(3n+2) (D)
n!3" —nlz"
d(K54) 1 PK 2 PK
(K54) )Z (PK) )21 o (PK)
e(K60 HT
( )2(2 T (HT)

b) Tiéu chuan Cauchy

Gia stv lim {/a, =1

n—oo

Néu / <1= > a, hoitu

n=1
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Néu />1 > a, phanky

n=1

Nhan xét. Néu / = 1, khdng co két luan gi

Vidu5s i 2n-1Y’
T 3n+2
n=1

2n —1

a, = — 0,
1 (3n+2)>

lim @:%d

n—oo

Chubi da cho hoi tu

Vi du 6. Xét sw héi tu, phan Ki Z(nﬂ)

n=1 n
Vidu7.
2n-Inn
a(K49) 1) 2(347’) —:-\(/3;S+n1j (HT)
3) n" 5" _ (HT)
n=1 2”(n+1)n
K52) 1) S 1+2 o HT
b(K52) 1) 21(m) (HT)
00 n2 n
c(K54 ) no . (HT)
n=1 3” (n+1)n
2
0 n n
d(K60) 1) ;(n +2) (HT)

c) Tiéu chuan tich phan

Cé6 mbdi lién hé hay khdéng gita:
© b
J.f(x)dx: lim J.f(x)dx
b—+o0
a
va li
Z n kinoo @n
n=1 =1

J.f(x)dxga1 +8y+---+a, <a +J.f(x)dx
1 1

Email: thao.nguyenxuan@hust.edu.vn

_2n-1
3n+2
2
(PK)
(202 +n +1 S
2 HT
)HZ( 3n2+sinnj (HT)
0 (n+4)
n+3Y
2 PK
)Z:;(n+2) (PK)
°° n+1 n®
2 2" HT
)Z (mzj (HT)

nautl nt2 1 2 3

Hinh 14.4
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Néu f(x) 1a ham lién tuc, dwong gidm véimoi x >1va lim f(x)=0, f(n) = a,, khi do
X—>+00

Za va J.f(x )dx cung hoi tu hoac cung phan ky.

n=1
Vi du 8.
L nzzgnlnn
f(x)= dwong, gidm véi x >2 vacd lim f(x)=
xInx X—>-+00
(Inx)
If(x = lim T—bllnooln (Inx) _,Jlnw(ln(lnb) In(In2)) = o

j f(x)dx phan ky

Z phan ky
n nn

Tong quat co thé xét Z

hoi tu chi khi p > 1.
n=2n(In n)p

Vi du 9. Chirng minh rang: LI B
2 3 4

1 1 1 1 1 1 1 1 1 1
Sop=1-—+———+---+ —— = 1T+=+-+ | =+—=+-+—
2 3 4 2n-1 2n 3 2n -1 2 4 2n

1 1 1 1 1 1 1 1 1 1 1
= 1+=—+—+-+—|-2 — ot — =1+ =+ +— [ [T+ ==+ +—
( 2 3 2n) (2 4 2n) ( 2 3 2n) ( 2 3

=[In2n+y +o(1)]-[Inn+y +0o(1)], voi y = lim (1+%+~--+1—Inn)

n—oo n

=In2+0(1) >In2 khi n—> x
Mat khac ta cé

S2n+1 = SZn +ﬁ’r’i_)mw82n+1 = IimSZn =In2
e (_ n+1
:>Z =In2
n=1
Vi du 10. Twong tw nhan dugc 1+1—1 1+1—1 ~--:§In2.
3 2 5 7 4 2

Vi du 11. Xét sy hoi tu phan ki cia chubi sb sau

10
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1
o0 In—
K51) 1 n
A );(n+2)2
= Inn
b (K52) ;W
c(K60) 1)51 1

ninn

S
Il
N

HAVE A

— In(1+n)
HT); 2
(HT) )Z; ea?
(HT)
. S
(PK) 2) nzznlnzn

GOOD UNDERSTANDING!

11
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PHUONG TRINH VI PHAN VA Li THUYET CHUOI

BAI 2

§ 3. Chudi so6 v&i s6 hang c6 dau bat ki

e Chubi v&i sb hang c6 dau bét ki

e Tinh chét clia chudi hoi tu tuyét dbi
1. Dat van de.

2. Chuéi v&i s6 hang c6 dau bat ki

e Chudi dan dau

DPinh nghia: Zan dwoc goi la hoi tu tuyét déi < Z\an\ hoi tu. Chudi Zan dwoc

n=1 n=1

goi la ban hoitu < > |a,| phankiva > a, hoi tu.

n=1 n=1

Dinh1y. Y la,| hoi tu =" a, héi tu.
n=1 n=1
Vi du 1. Xét sy hoi tu tuyét dbi ctia chudi sé sau

n - . 2
a) Z(—1) 2 —; b) Zsmn
n=1 2n n=1
c) Zsm(ﬂ(2+\/§)n) (HTTD) d) Y >0
n=1 n=1 n3
e (k60) 1) Y (-0 (HTTD)  2) Y (-1 ——
n=1 n n=2 2n2 +1
0 0 5
3) Z(—1)”cos1 (PK) 4) Zns'”(” 1)
n 5
n=2 n=2 n° +1
o 3
5) ZCos(n +1) (HTTD)
n=2 n3 +1
Hwéng dan
© n?+ n R
a) Z(—1) 2 — +) Z— hoi tu
n=1 2 n=1
00 n 0 n2+n n
+) Xét Zz—n +) 3(-1) 2 — hoity
n=1 n=1
1 w
+) lim 8nt 1 4 |
) bl a, 2 < b) Z:smn2

n=1

(HTTD)

(PK)

(HTTD)

12
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+) sinn® e R = lim sin(2n+1)=0 = lim sin(2n +3)=0
n—oo n—oo
+) Khéng cé lim sinn? =0 = lim cos(2n+1)=0
n— n—oo

That va h3a hu )

hat vay. phan chtng co — lim (sin2(2n + 1)+ cos?(2n +1)) = 0 (v6 i)
lim sinn“ =0 n—w
n—oo

+) Z:sinn2 phan ki.
n=1

Nhan xét.

1°/ Néu »|a,| phan ki theo tiéu chuén D’'Alembert hogc Cauchy = ) a, phan
n=1 n=1

Ki

2°/ ) [a,| phan ki = > a, phan ki (ding hay sai?)
n=1 n=1

3. Chuéi dan dau

Pinh nghia. S (-1)"'a_, a, >0 dwoc goi la chudi dan dau
n n

n=1
Chuy. Y (-1"a,, a, >0 ciing dwoc goi la chudi dan dau.

n=1

Dinh li Leibnitz

Day {a,} giam, a,>0, lma,=0 = > (-1"'a, hdi tu va co
n—oo N1

> (1""a, <a
n=1

Chding minh:
+) n=2m:
L] Cé 82m :(a»] —az)+(a3 —a4)+---+(82m_1 —azm) — {Szm} téng
* Som =8y —(32 —33)—(34 —35)—"'—(32m-2 _aZm—1)_aZm < a
eTwdo 3 lim S,,,=S vacod S<a,

m-—oo

+) n=2m+1:

¢ S2m+1 = SZm + doym41

.DO I|m 82m+1 :O = I|m 82m+1 :S.
m-—oo Mm-—»00

Dinh li dwgre chirng minh.
Vidu2. Xétsu hoitu tuyét ddi va ban héi tu ctia cac chudi sb sau
13
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0 (_1)n—1 ’
a) (Ban HT)
nZ:; 2n -1
0 (_1)n+1
HTTD
° ;(Zn—ﬂ?’ (RTTe)

n-13.57..(2n+1)
2.5.8...(3n-1)

n-1 147(3” - 2)
7.9.11...(2n+5)

—1) (HTTD)

L
2 M
I~~~

—1)

N
NE
I~~~

(PK)

S
I
—

2
n+1 2”
(1) o

=
[M]s

(PK)

S
L

i (K50) 1) i(—ﬂ” J#
n=1 n-+

2) i(—ﬂ” (::;)n (PK)
n=1

- n-1, 2 N+1
3) > (D" I —  (HTTD)

(PK)

4) i(—ﬂ”‘mT” (Ban HT)
=1

(K57) 2(1 (’HZJ (PK)

Z( ot 13520 =1)

= 3.5.8...3n—1)
n (K60)
1) D (=)' Wn+1-+/n) (HT)
3) g(_l)" 1n<1+%) HT)

Hwéng dan.

thao.nguyenxuan@hust.edu.vn

b) i(_ﬂn 1 (Ban HT)
n=1 \/H
o0 ( 1)[’)—1
d) (PK)
nZ:% 6n -5
-1 t — (HTTD
g) nZ:%( )" ann\/— ( )
(n+1sin(2npB)
k(K52) , BeR
Z \/n +2n° +3
(HTTD)
> (=1)" ,
2) Zn - (Ban HT)

n=1
| (K 55) Xét sw hoi tu

o0

Z( D™ ( '””) (HT)
+In\/_

j (HT)
— n- 1
3) > (-9 12( — —1] (HT)
1>Zc=ﬂ)”ﬁ’i k) 2)
1
_4

k] o] em

2) nif;,(—l)" 1n<1+%)

(HT)

14
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0 n-1
- (_1)n_1 N X X (_1) n < X X
b) + la chudi dan dau d) +) Y ——— la chudi dan dau
) ); Jn ; 6n-5
1 . C 1 - .
+){—¢F giamvaco Im —==0 +) lim - = han ki
){\/ﬁ}g n—w /N )n—>oo6n 5 ;@7 5 P
+) HGi tu theo Leibnitz A
+) A lim (-1)
S . n—o n—5
+) > — phan ki = ban hi ty
n o0

n
+) > (=1)"———— phan ki.
) ; 6n-5 P
4. Tinh chat cua chudi héi tu tuyét déi

a) Z\an\ = S = chubi s6 nhan duwoc tr chudi nay bang cach dbi th&r tw cac sb
n=1
hang va nhém tuy y cac s hang ciing héi tu tuyét dbi va co6 tbng S

b) Cho Zan =S, Z\an\ phan ki = c¢6 thé thay dbi thi tw cac sb hang cta né
n=1 n=1

dé chudi thu dwoc hoi tu va cé tdng 1a mét sb bat ki cho trwdc hodc tré nén phan

ki.

Dinh nghia. Cho ) a,, Y b,, khi d6 ta dinh nghia phép nhan chubi:

n=1 n=1
0 o) © n
{Zanltzbn} = ch ,0d6 ¢, = Zakbn+1—k
n=1 n=1 n=1 k=1
©) 2 lan|=Si, D [ba| =Sz = [ian][ibn] =152
n=1 n=1 n=1 n=1

o0

Vi du 3. a) Xét s hoi tu cla tich cac chubi sb sau:

L k=14 1 2n+2 k
(Z(_ﬂ k\/— n+1- k}

© k k _1 n+l-k
c (K57) Xét sw hdi tu clia chudisé Y, Z%/M (3 ) ,
ENE AL G k) Cn(n+1-k)

O
[M]s

b) Xét sw hoi tu ctia chudi sé

15
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Hwéng dan.

a) )Zn\/_ héi tu tuyét dbi

n=1

héi tu tuyét dbi

RN

thao.nguyenxuan@hust.edu.vn

HAVE A GOOD UNDERSTANDING!
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PHUONG TRINH VI PHAN VA Li THUYET CHUOI
BAI 3
§ 4. Chudi ham so6
e Dat van de.
1. Chubi ham sé héi tu
Binh nghia: Cho day ham sb {u,, (x)} xac dinh trén X, ta dinh nghia chuéi ham sé

u1(x)+u2(x)+---EZun(x) (1)
n=1
> u, (x) hoi tu tai xo <> chudisd > u,(xy) hoitu
n=1 n=1
Zu (x) phan ki tai x, < chudi sb Zu Xo) phan ki
n=1

Tap cac diém hoi tu cha (1) goi la tap hdi tu ctia nd. Tdng cua chudi ham sb 1a
ham sO xac dinh trong tap hdi tu ctda no.
Vi du 1. Tim tap héi tu ctia cac chubi ham sé sau

o0

© o COSNX L X
93t HI oL ey 9 ¥X
0. 2 ©
e) ZSIn(Zn +4)X (R) f) Z(_1)n—1 g 1cosx (_%+k27[ < X<%+k27l')

(3n+1)° n=1

o n+1
9) Y. 1) _ (x-3>1)  h(K56) Z( 1)”(”'))( D" (L1<x<3)

S
Il
—

+) Xét chudi s6 i\xg—ﬂ 2)

n=1
+) (2) hoi tu voi \XO\ <1 +) Tai \XO\ >1, (2) phan ki +) Tap hoi tu: [x] <1
— COSNX
b) 2,2
—n°+Xx
Cos nx, COS Nnx,
+) Xét chubi sb Zq (2) +) %_ — = (2) hoi tu véi moi X,
= N+ X3 n“+x5 n

+) Tap hoi tu R
17
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Vi du 2. Tim tap hoi tu ctia cac chudi ham s sau
-1
© (_1)17 X2n+3

a(K50) 1) (-3<x<3) d(K55)
,,,Z:; 327" (2n +3) ,,,Z:;H(tanx)
- T
2)2 1 (x>0vx<-2) (Z+k7r<x<5+k7r,keZ)

L
MS
—
~
v
N
<
>
A
@
MS

=3In+1(x+2)" 1+(cotx) i
% 3 _a\! (km <xX<—=+km,keZ)
b(K51)1) > 2n 2(4xx 3) ({%;1)) 3 4
A )y —— (R\F:e})
2) i (-1)" (1—)()"' ([0 +)) no11+(Inx) e
n=2 n2_1 1+ x 4)i 1 o
1+ e™

- (x2—x+1)n n=1
°‘K52’n§<n+1>m (0<x<1)

2. Chudi ham s6 héi tu déu

DPinh nghia. Zun(x) hodi tu déu dén S(x) trén tp X < Ve >0 bé tuy y
n=1

Ing(e)eN: Vn>ny(e), tacod |S,(x)-S(x)|<e, VxeX.
Y nghia hinh hoc. Vé&i n di lén, S, (x) thude dai (S(x)—¢; S(x)+¢).

Tiéu chuan Cauchy. Zun(x) hoi tu déu trén tp X cR < Ve >0 bé tuy y
n=1

Any(e)eN: Vp>qg>ng(e),tacd ‘Sp(x)—Sq(x)‘<g, VxeX.

o0
Tiéu chudn Weierstrass. Néu c6 |u,(x)|<a,, VneN,vxeX va » a, hoi tu
n=1

= > u,(x) hoi ty tuyét dbi va déu trén X .
n=1
Tiéu chuan Dirichlet.

n
Zwk <c,Vn = Hoi tu déu.

k=1

n-1
Vi du 3. Xét suw hdi tu déu clia chudi ham z( 1
P 1x +n?

u, =V, w,, [V,| don diéu khong tang va — 0,

18
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1 )
(1" 1 .
*) 3 VX Z_z oIt
n n=

X2 +n? n2
+) Chubdi da cho hdi tu tuyét dbi va deu trén R
Vi du 4. Xét sy hoi tu déu ctia chudi ham

— Sinnx - X"
a) S 3NAX W R (HTD) b) 2: 2 (HTD)
“~in? 4 x? Z2"'n3 xel ]
COS NX - n-1 x<"
) , R (HTD) d) » (-1 —, xe(-1; 1 (HTD)
21 N 21 G
0 0 n
e) . XeR (HTD) >~ x>0
—1+n°x = n
Huéng dén.
b +)‘ an; ‘g :/3, x| <2 Z 73 Noi tu
‘2 n\/m n = n

+) Chubi d& cho hoi tu déu va hoi tu tuyét doi trén [-2;2].

Vi du 5. Xét sy hoi tu déu ctia chudi ham
1

o | n
a (K49) 1) >’ j X e, xe R (HTD)

1

T Jxdx
n=1 0\/1+x2 | n=1 0\/1+x2
b (K50) 1) i””(z’(”)n, x e[-1; 1] (HTD)

1 3" \x+2

$(23) (222 xete a0

n=1

MS

cosnx, xeR (HTD)

¢ (K51) Chirng minh rang chudi ham sze_”" hoi tu déu véi x > 0.

n=1

0 n
d (K52) 1) Chtrng minh rang chudi 22(‘;) hoi tu déu trén R .
o X +n+1

2) Chirng minh rang chudi Z héi tu déu trén R .
o +n+2
1
© n %/;
e (K58) 2 (| s—=—=dcosnx (HTKD)
n=l o V1+sin“t

19
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0 n

f(K60) X"~ ten[-1,0)  (HTD)

n=1

3. Tinh chéat cta chudi ham s6 hoi tu déu

Binh li 1. Chubi Zun(x) hoi tu déu vé S(x) trén X, u,(x) lién tuc trén X, voi
n=1
vneN = S(x) lién tuc trén X, nghia la

lim Zu (x)= Z lim u, (x)

X—)XO X—)XO

Dinh i 2. ) u, (x) hoi tu déu dén S(x) trén [a; b], u,(x) lién tuc trén [a; b], Vn

n=1

=N iS(x)dx J{Zu (x)}dx Zju (x)dx

a\n=1 n=14

Dinh i 3. Zun(x):S(x) trén (a; b), cac ham u,(x) kha vi lién tuc trén

n=1

(a; b), D up(x) hoity déutrén (a; b) = S(x) khavitrén (a; b) vaco

n=1

S'(x) = (Zun (x)} = up(x)
n=1 n=1
Vi du 6. Xét tinh kha vi ciia cac ham sau

0= VX ) - Zarctan— (F0=Y " xcR)

1 N+X n N + x?

Huéng dén. ) ]
a) +) x #—n la chudi dan dau hdi tu theo Leibnitz

+) ) (x) = 5 lién tuc v x = —n, Y u;, hoi tu déu theo Dirichlet
(n+x) P
) f'(x) = Z( ) —— x#-n
n+x)
Vidu7.a (K49) Tim mién héi tu va tinh téng
o0 ; (X_1)3n+2
1 1) —
) Z( ) 3n+1
n=0
1 X 2x-3 =«
((0;2],S=(x-1) arctan + })
\/x ~3x+3 \/— V3 6V3

20
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Z( 1)n (X+1)3I’H—2
3n+1
1 X+2 1 2x +1 4
((-2;0], S=(x+1) I arctan + )
\/x +x+1 \/§ V3 63

b (K51) Tim mién héi tu va tinh tbng

o0 n-1 o0 2
1) Z(‘1) (x+1"; 2) Y+ D=1 ((0;2), s=XT)

n=1 n n=1 X
c (K55) Xét tinh kha vi va tinh dao ham (néu co)

o0 B 1 X 0 (_1)I’)—1
1) F) =S (=)™ arctan —
) nzz; vn +1 vn+1 (nzz;x2+n+1
2) f(x)—il(—ﬂn_1 1 arctan—= (ii)
= Nn+2 Vn+2 P X2 +n+2

d (K55) Tinh téng

o 2n+1

X 1 1+x

1
)Z&M+1 2 H

- n 2n 1—X2
2) Y (-D"(2n+Dx (—— Ixl<1)

2
=0 (1+x )

Huéng dén.
b1) Héi tu v&i [x +1 <1 vatai x+1=1= mién hditu (-2;0]
S 1
Patt=—(x+1) = s=- —:>s(t) pn1___
+) (x+1) Z Z T

n1 n=1
t

+) [s'(Wdu=mnlu -1y = s(t)-s(0) =Inlt -1
0
+) s(0) =0 = s(x) =In(x +2)

HAVE A GOOD UNDERSTANDING!
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PHUONG TRINH VI PHAN VA Li THUYET CHUOI

BAI 4
§ 5 Chudi luy thira
e Dinh nghia e Céc tinh chét e Khai trién thanh chudi luy thira
e Dat van dé
1. Dinh nghia. ag +aX + ayX> +--+ax" +--- (1)

e 0]
Kyhiéula > a,x",&d6 a, lacacsbthuc, x & bién sb.
n=0

Ta bao chubi luy thira hdi tu (phan ky) tai x, < chubi s6 Z:anx()7 hoi tu (phan ky),
n=0

chudi Zanx” hoi tu trén khoadng (a; b) < chudi sb Zanxg hdi tu, x, tuy y
n=0 n=0
e (a:b).
Vidu 1. Zx” 14+ X+ X%+
n=0

Da biét hoi tu khi [xI <1, ¢ Y x” __1
1-x
n=0
Phan ky khi [x|> 1

Dinh li 1 (Abel). Zanx” hoi tu tai x, # 0 = hdi tu tuyét ddi tai x: |x| < X
n=0

o0
Chirng minh. +) Zanxg hoi tu = nIi_r)nooanxg =0= ‘anxg‘ <M,vnz=N,
n=1

X n

n

a, X [_j
Xo

<1:>iM

n=1

n
X

Xo

+) anx”\ = <M

+)

n [es)
X X héi tu (Binh Ii so sanh 1) = Zanx” hoi tu tuyét doi
Xo Xo =
Nhan xét. Tt dinh li Abel suy ra:
«Néu > a,x" phan ky tai xo = phan ky tai x : [xI> x|
n=0
e Tap héi tu khac réng

22
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Dinh Iy 2. Néu lim ‘ | _ = p (hoac lim fla,| = p) thi ban kinh hoi tu R cta chubi

n—oo ‘a ‘ n—oo
1
- —, O<p<w
- 0y n , . ” . P
luy thtra Y a.x” dwoc xac dinh béi R =
’ n; " ' ' 0, p=+w
o0, p=0

Nhan xét. e Quy wéc viét R =0 & khang dinh 2), R =+« & khang dinh 3), tir d6 cé thé

phat biéu gon dinh Iy nay nhw sau: Moi chudi luy thira Z a,x" déu c6 mét ban kinh hoi

n=0
tu R v6i 0 <R < +oo, khi d6 chudi hoi tu tuyét déi véi |x| < R va phén ky véi x| > R .
e Cach tim ban kinh hdi tu R: R = Ilim hoac R = lim L
n—oo an+1 n—o n[‘an‘

Vi du 1. Tim khoang hdi tu ctia chudi Z

n= 1n
ap, _i 1 (n+1j
an+1 (n+1) n
lim |20 =1
Nn—oo an+1

R =1, chudi héi tu v&i |x| <1, phan ky véi x| >1.
2|
Tai |x|=1cé

n

Khoang hoi ty la [-1; 1].

, mat khac Z— hoi tu, do d6 chudi lu§ thira hoi tu tai [x| =1.

2
n n_ N

Vi du 2. Tim khoang hdi tu cdia chudi Iuy thira Z”B—fx”
n=0

la, | n+2 n+3 _,n+2

‘an+1‘ gn  gn+ n+3

an
an+1
R =3, chudi hdi tu khi |x| < 3, phan ky khi |x|> 3.

=3

n—oo

o0

Tai x=3¢6 » a,x" =) (n+2) phan ky.

n=0 n=0
Tai x=-3 cb Za :Z n+2 phan ky
n=0 n=0

Khoang hoi tu: (-3; 3).
23
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= 0n+1

a, ) 1 1 n+2
a n+1 n+2 n+1

n+1

. a
lim n_1-1
Nn—oo an+1

R =1, chudi hdi tu v&i |x| <1, phan ky véi x| > 1

Khi x =1 co6 2—1 phan ky

n=1

1 n
Khi x=-1co Z ) la chudi dan dau hoi tu
~ n+1
Khoang héi tu Ia [-1; 1).
0 2n
~ X
Vi du 4. Tim khoang hdi tu ctia chudi luy thira: —1)" .
: g hoi t, y nZ:(:)( ) 20

Khéng thé dung ngay cong thire vi mot nira cac hé sbé cha chudi bang 0: azp+ = 0

© [ n
Dt y = x* c6 chudi luy thira: Zﬂy”
n=0

~ (2n)!

)™ (2(n+)
% Hzn n+1))} (2n)! =(en+)2n+2)

lim
nN—oo

=0
a

n+1
Khoang hdi tu: (—o,x)
Vi du 5. Tim mién hoi tu cGa chubi luy thira

S (n+1)°
a) x*" (“1<x<1)  b)

(Ixl <1)c Z(“Z) (-3<x<-1)

Ms

= 2n+1 =1 =1
D ggg/!v))z!xn (F4<x<4) ®) n:(nfr);)_lr?()nﬂ) (2<x<4)
o0 n?
f);(n%) (x-1)" (1—E<x<1+;)
9) in'x”'( 1<x<1)
n=1
(K52) Z( P _20E3 et (1< 1)

3n2 +4n+1
24
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2) i(_,])nﬂ 2n+3 in (|X| S'])

3n° +4n+5
i(K54)1)i(—1)n+1 3 (x +1)" ({—1—i-—1+i})
P n? +1 \/§ \/5

2)i (-1 (0<x<2)
(n+1DIn(n+1)

2
o0

3) Z(1+%)n (x+2)" (—2—1<x<—2+1)

e e e

o (X_3)4n o (X_4)2n
4)Z(n+2)ln(n+1) (2<x<4) 5)Z(n+1)ln(n+2) (3<x<5)

n(n) n— (n|) n—

k (K56) Z( 1) )( x =121 ((1<x<3) Z(Zn)|( 12" ((3<x<1)
3) in—( -3 (3-Ve3+Ve) 4 i( 1) ”'( -3)" (-3-e,-3+e)

n=1 n=1

Inn n

5) ;ﬁ( —1) (0<x<2)

) Sy L sy gox<e)

m (K58) (x+1)" (-3<x<l1)
n=l
n (K60) 1) D, (2n+1)*x" (-1<x<1)
n=0
2) Cho chudi Idy thiva Z[ . xe[=11). Tinh lim (1- x)S(x) (0)
Xx—=>1
3) Y 1< x <1
)n:1n+1 (—1<x<1)
4) Tim ban kinh hi tu Y (sinn)x" (1)
n=2
Nhéan xét

Y a,(x—a)" (1) duocgoila chubiluy thiratai x = a,
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Patz=x-acb Zanz” (2), tim ban kinh héi tu R cGa chudi (2), thi c6 tap hoi
n=0

tu cta chudi (1), cu thé hdi tu véi: -R<x-a<Rhaya-R<x<a+Rvaphan

ky v&i x < a — R, hoac x > a + R; dé nhan dwoc khoang hdi tu ta can xét tai x =

a-Rvax=a+R.

2. Cac tinh chat ctia chubi luy thira

a) Chudi Iluy thira Zanx” hoi tu déu trén moi doan [a; b] nam trong khodng hoi tu
n=0
ctia no.

b) > a,x"=S(x), [XI<R=0 = S(x) lién tuc trén khoéng (-R; R).
n=0
c) Zanx” =S(x), IX <R #0 = S(x) kha tich trén moi doan [a; b]c(-R; R) vaco

a n=0 n=0 a

d) Zanx” =S(x), IxXl<R =0 = S(x) kha vi trén khodng (-R; R) va co:
n=0

Nhan xét. Thyc chét tir a) ta cé:  lim {Za X J—i lim (anx”)

X=X 0

Vi du 1. Tim biéu thirc chudi luy thira cta In(1+ x)
Mién xac dinh: |x| < 1.

Flx)=—— & dé dat fix) = In(1 + x)
+ X

J

n=0

-
If’(t)dt— {

o X o0 +1
F(x) f(ozzzlﬂ (" Jat = 3 (1) 2

0

n=
Do f(0)=0 nén cd In(1+x) :Z ”+1X _x- X XX x| <1
-
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Vi du 2. Tim biéu dién chudi luy thira cla ham tan™" x

5 —tan~" _r i
bat f(x)=tan " x, 5 <f(x)< 5
1
Fi(x) =
(x) 1+ x?
1 1 - N n 2n
— = —-x°| = 1) .x x| <1
1+X2 1—(—X2) ,;( ) ,;)( ) ‘ ‘
X X dt X! o 0 X 0
f'(t)dt = = { (—1)”t2”]dt— (1) | t2"dt = (-1)"
Jro-le g ey
o0 2n+1 3 5 7
1y _tan 0= S (1) X _y X XX
tan" 'x—tan"'0 Z( 1) S X 3 + 5 +o0 x| <1
_ x> x° x’
= tan ' x =X- Ty x| <1

Vi du 3. Tinh tdng Z—

n=1
Cé R =1, chudi hoi tu voi |x| <1

© N
Dat f(x)= > 2~ c6 F/(x)=
n
n=1

If’(t)dt:ji x| <1
] 01—t
f(x)-f(0)=-In(1-x), |x|<1= f(x)=—In(1-x), |x|<1

Vi du 4. Biéu di&n chubi Iuy thira cia ham

(1-x)°

(1_1)()2 - ‘;jx(ﬁJ dx{zx J =gnx”‘1 =g(n+1)x”, x| <1

Vi du 5. Tinh téng cta chubi anx”
n=1
R = 1, chudi hdi tu vé f(x) véi |x| < 1.

f(x)= anx” = Z:x.nzx”‘1 = xg(x),
n=1 n=1

_OO 2n_OO in+1_iOO n+1_i
g(x)_Z(n+1) X _Z(n+1)dxx = (n+1)x dx(x

n=0 n=0 n=0
27
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Theo vi du 4 co g(n +1)x" = T —1x)2
gx)=L X _ 1+ x
x| (1-x)" ) (1-x)’
2
fix) = XX
(x) (1_X)3
Vi du 6. Tinh tong
o0 2n-1
a) ;(_1),7_1 ;n— (arctanx, |x| <1
S ’ — 2n —1
b) 2. <(X_ 5 IxI>1) C); o (3)
d(K49)1)i(—1)n( -
— 3n+1
1 X 1 2x-3 =
((x—1){§lnxz_3x+3 \/_arctan Ng +6\/§]0<X£2)
z)i(_ﬂnw
— 3n+1
1 X+2 1 2x +1 V4
((x+1){ In \/X +X+1+\/§arctan 73 +6\/§]_2<X<0)
e (K51) i( 1:) ] (x+1)" (In|lx+2], -2< x<0)
n=1
D" (n+D(x -1
Z( " n+ 1) (x=1)" (x2 ,0<x<2)
- (-1)" 111 T
f . L
(K32) nzz(:)(3n+1)23”+2 (2{3|n3+6\/§})
- n+1 - n+1 9
g<K54>1>Z (4 2)20 7 ()
o0 o0 (_1)n+1 3
- 2 v hd
z +1)2”+1 (n2) 4)nzo(n+1)3”+1 g
< 1 2++/3 1
h(K56)1)r,zz%(znﬂ)s”” (2[ "5 - 1_§j :
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\/—+1
;Zn 13” zf "5 )
N 2
(K57) HZ( +D3n (-1-3In%)
Hwéng dan.
— n_2n _ 1 T ' _X 1
a)f) R=1  +) S(x)= Z( 0" = +)£S(t)dt—£1+t2dt
+) S(x)-S(0) =arctanx = S(x)—arctanx
c) +) Xét chudi S(x)=— Z(Zn 1) x%"2 ¢ S(—):
n1 \/_
_ 1A o] dd(x )1 1ex® 1)
+)R=1 +) S(X)de(,;x Jde(1—x2j2'(1_xz)Z +) S(\/E)_B

3. Khai trién thanh chuéi luy thira

(n)
DPinh nghia. Zi)(x—xo)” duwoc goi la chudi Taylor ciia ham sb f(x) tai 1an
n!
n=0
can diém Xq-

0 n) . )
Néu Xo =0 tacod Z ( )x dwoc goi la chudi MacLaurin cia ham so f(x).

0 n)
DPinh nghia. Néu Z (XO)

n=0
thanh chudi Taylor trong lan can diém Xo

(x —xp)" =f(x) ta bdo ham sb f(x) dwoc khai trién

Dinh li 3. f(x) c6 dao ham moi cép trong Ian can nao do cua x,, lim R,(x) =0,

(n+1)
Rn (X) — ﬂ(x

n+1 2 i 5
TR -Xp) & Oogilka xp va x
s " (X0)
= f(x)= )~ (x=Xo)"
n=0 ’

Dinh li 4. f(x) c6 dao ham moi cap trong l&n can nao do6 cda diém x;
FM (&) <M, V& thude lan can caa x, néi trén

0 n) X
= f(x)= Z n( 0)(x xo)".

n=0
Chu y. ¢ C6 ham kha vi vé han khéng dwoc khai trién thanh chudi Taylor, vi du
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f(x)=<€ %, x#0
0, x=0
— f"(0)=0, n tw nhién bat ky
That vay co ngay
— X"
f’(()): lim M: li u:

|
x>0 x-0 x—0 X x—0

Tl d6 c6 dao ham moi céap tai x = 0 cling bang 0.
Chudi Taylor cia hamf(x)la 0+0+0+0+ ....
Chubi nay héi tu, ching héi tu vé 0. Nhwng ham f(x)=0,vx=0
Nén f{(x) néi trén khéng dwoc khai trién thanh chudi Taylor
) (n+1)
e SO dv R, (x)= f(—gi)x”” nhan dwoc do st dung dinh ly Rolle
n+1)!
1
Vi du 7. Tim chudi Maclaurin cia ham sé f(x) =13 *, x#0.
0, x=0
Ham nay c6 dwoc khai trién thanh chudi Maclaurin hay khéng? Vi sao?

HAVE A GOOD UNDERSTANDING!
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PHWONG TRINH VI PHAN VA Li THUYET CHUOI
BAI 5
§ 5. Chudi luy thtra (TT)

e Khai trién mét s6 ham so cép

e 'ng dung
4. Khai trién mot s6 ham sé6 so cap co’ ban
4.1. Mot s6 khai trién

19/ f(x) = &
o 1(M(0) =1 o fM(x) =6 <e” =M, Vxe(-A; A), A>0
.exzix_” Vxe(-A; A) A>O:>exzix—n VxeR

= nl’ B & nl’

2° f(x)=cosx

— k —
° f(”)(O):coan: (=17, n=2k o ‘f(”)(x)‘: cos(x+n£) <1,vVxeR
2 |0, n=2k+1 2
2 4 2n
ocosx:1—x—+x——---+(—1)” +-, xeR
21" 41 (2n)!
3° f(x)=sinx
3 5 X2n—1
e sinXx=X-"—t 4 (=1 +-, xeR
31 5 (2n —1)!
4° f(x)=(1+x)*, aeR
of(x):1+gx+a(a_1)x2+---+a(a_1)m(a_n+1)x”+---, —1< x <1
1! 2! n!
5° f(x)=In(1+ x)
2 3 n
. In(1+x):x—X—+——---+(—1)”_1X—+---, —1<x<1
2 3 n
6° f(x)=arctanx
3 5 2n—1
o arctanx:x—X—+X——---+(—1)”_1X—+---, xeR, —1<x<1
3 5 2n-1

Vi du 1. Khai trién thanh chudi Maclaurin
a) f(x)=a*, 0<a=1

e 0]
In" a
° ax _ exlna o exlna _ Z Xn, x cR

b) f(x)=In(2+ x)
. In(2+x):In2(1+g):ln2+ln(1+g), —1<g<1
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cnfie )T St

N1 n.

e IN(2+x)= In2+Z( 1)~ 1X— _2<x<?2

n.2"
5 1 0 22/’)—1 2n
C) sin —— , XeR
) sin’ x <ZZ(2n) €R)
n=0
o 2n+1
d) £(x) = In1+X 2> X _1cx<)
- X =02n+
X 2 0 (_1)nx2n+1
e) f(x)= et at ——— xeR
) 1) J. (Z_: nm2n+1) - )
0 n=0
2 3 < n-1x" = n—1X2n
)=+ x+x7+x%) (D ()24 > (D" 2, —1<x<1)
n=1 n n=1 n
) f(x)=e*sin (i(x 2)nsinmr xeR)
g) f(x)=e"sinx Y 1 €
n=0
o0 X2n
h) f(x) = cosh x (Z(Zn)|, xeR)
n=0
sint < x2n+1
—dt 1 ., xeR
J. (,;( )(2n+1)!(2n+1) =R)
¢t x5 135..(20-1) 4per,
k) f(x):I (X +——+---+ i Ixl<1)
oN1—t? 2.5 n12"(4n +1)
7 7 7 6 2 X3 4 X5 X6
| (K54) 1) Viétré caché so dén x°: f(x)=e*sinx (x+x°+—+0x" - —-"—...
3 30 90
. kB 3 x4 55 3
2) Vietré cac hé so den x°: f(x) =e*cosx (1+X_?_F_%+OX +e)

Vi du 2. Khai trién thanh chudi Taylor tai Ian can diém twong &ng
a) f(x)=Inx, x=1

eInx=IN(1+x-1) . |n(1+x—1)=i(—1)n(x;1)
1
DY = 7 e * 7
° — 1 _ 1 o (n) _(_)" 1 B 1
o= £ (x) = (~1) n![(x+1)n+1 (Hz)rm}
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o« fP(4)=(-1)" (5 -) « FO0 =3 (A (57— 61) (x 4"

theo chudi Iuy thira clia ——

X

J1+x 1+ x

(F(x) +1( X )2+1.3( X )3+_“+1.3...(2n_3)( X )Z...)
1+x 21+x 2.4\1+ x 2.4...2n-2)\1+x

d) f(x)= cosE, theo chudi luy thira cua (X—%)

c) f(x) =

2 n—1 ]
(ﬁl1_<x—z)_<x—’£> byt
2 12 2122 (n-12" '
o X ~ < > T - n 32”- 2n-1
e) f(x) = sin3x, theo chudi Iuy thira cia (x+§ (;(—1) o _1)|(x Zy2n-1y

f(K54) 1) f(x) = theo Iuy thira ctia (x —3)

Z( 1)(

theo Iuy thira cta (x —2)

(Z( )" ( %)(x—z)”, x-2|<3)

n=0

X% —3x+2

j(x 3)", [x-3l<1)

2) f(x) =
X% +3x+2

g (K56) Khai trién thanh chudi Maclaurin
1) f(x)= In(x® +2x2 + 4x+8) 2) f(x)= In(4x+8-x®-2x2)

o n-1
(Z( 1)" ( )(x 2)", Ix-2/<3) (3In2+2( )" 1(1)7 4 |x|<2]
n=1

n

12

h (K58) f(x)= je dt (Zn'g;?il)xan’R:OO)

i (K60) Khai trién thanh chubi Maclaurin

(=)

3 = 1 1
1) f(x)=———— 1+ (=1)"2"x" x| < =
1+ x — 2x2 (,;)[ = ] H 2
2) Tinh tdng Z% , xeR (e —1-x)
n=2 .
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4.2. ng dung cua chudi luy thira

1°/ Tinh gan dung

Vi du 3. Ap dung chudi luy thira, tinh gan ding
a) sin18° v&i do chinh xac 107°

. LT = (—1)n_1 72n-1
sin18° = sin— =
) 10 ;(Zn 11027

2n+1
T

< <
(2n + D102+
en>3

-5

.‘R

ol

1
b) | e dx v6i do chinh xac 1073
0

© n

n+1

Q0 n X2 . = n 1
° Izlg)(—ﬂ mo_,;)(_ﬂ m

¢ |R,|< )310"3:>n24

1
(n+MD(2n+3
c¢) Tinh gan dung sé e v&i do chinh xac 0,00001

1
d) Tinh gan dang | e dx voi d6 chinh xac 0,0001
0

e) I 9X_ \6i @6 chinh xac 1073
1+ x°

0
2°/ Tinh gi®i han.

Vidu 4. lim
x—0 X
X3 5 7 9

e SINX=X——+—-——+
3!
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fx)= ]ie_tz dt
0

2n
|

(2,71828)

(0,747)

(0,118)
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9

Colx®)
e A=Im3>3* 7
x—0 x9 9l

§ 6 Chudi FOURIER
e Chubi lwong giac, chudi Fourier
e Khai trién ham sé thanh chudi Fourier
e Dt van dé
1. Chudi lwong giac, chudi Fourier
a) Chuéi lwong giac
Dinh nghia. Chudi lwong giac 1a chudi ham sb cé dang

aO+Z(ancosnx+bnsinnx), an, b, eR (1.1)
n=1
Nhén xét.

19/ Néu > "la,|, > |b,| hoi tu=> chudi (1.1) hoi tu tuyét ddi trén R

n=1 n=1

2°/ Tuy nhién, »"la,|, > |b,| hoi tu khong phai la diéu kién cn dé chui (1.1) hdi tu.
n=1 n=1

b) Chudi Fourier

B6 dé. Voi Vp,k € Z, ta co

T T
1°/ | sinkxdx =0 2/ [ coskxdx =0, k #0
-7 -7
T T
A 0, k
3°/ | coskxsinpxdx =0 4°/ J. COSkxcos px dx = wP
J w, k=p=#0
-7 -7
T
N 0, k
5°/ | sinkxsinpxdx =1 " mP
J w, k=p=#0
-7
e Gid st f(x) tuan hoan v&i chu ki 27 va co
a :
f(x):70+Z(ancosnx+bnsmnx) (1.2)

n=1
S dung bd dé trén va tinh toan ta co

T T
a :% J. f(x)dx; a, :% J. f(x)cosnxdx, n=12,...

-7 -7
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b, :%If(x)sinnxdx, n=12... (1.3)

-7

Dinh nghia. Chuéi lwgng giac %O+Z(an cosnx + b, sinnx) véicac hé sb ay, a,, b,
n=1
xac dinh trong (1.3) dwoc goi la chudi Fourier ciia ham f(x).
2. Piéu kién dé ham s khai trién dwoc thanh chudi Fourier
Dinh nghia. Chudi Fourier ctia ham f(x) hoi tu v& ham f(x) thi ta bdo ham f(x)
dworc khai trién thanh chudi Fourier.
Dinh li Dirichlet. Cho f(x) tuan hoan véi chu ki 27, don diéu trng khuc va bi chan
trén [~z ; 7| = chubi Fourier ctia n6 hoi tu tai moi diém trén doan [~ ; 7] va cd
S(x) = f(x), tai diém lién tuc cha f(x).
f(c+0)+f(c—-0)

Con tai diém gian doan x =c¢ cé S(c)= > .

Vi du 1. Khai trién thanh chudi Fourier ham sb f(x) tuan hoan vé&i chu ki 27, xac
dinh nhw sau

1, 0<x<nr
=1t O

+) aozgjf(x)dX:%(ﬂ—ﬂ):O

-7

Vs 0 Vs
+) a 1 f(x)c:osnxdx:l (—c:osnx)dx+1 cosnxdx =0
n
T T T 0

-7 -

17 17 17
+) b, =— J. f(x)sinnxdx = — J. (—sinnx)dx+—J.sinnxdx
7[—71 7[—71 7[0

= i(1 —cosnr) = lh — (—1)n]
nr

nm
4( . 1 . 1 .
+) f(x) =—| sinx +—=sin3x +—sin5x +---
T 3 5
0<x< -
b) £(x) = X, X< (f(x)zz_izcos(2m+;)x
-X, —1<x<0 2 >~ (2m+1)
C) f(x):xz, —T<X<T

4 2
+) aO:%Ixzdx:%
-7
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v/

+) b, _ 1 [ x2sinnxdx =0
77,'_-71_
1 f 4 4
+) a, =— x2c:osnxdx:—2c;osn7;:(_1)”_2
e n n
w2 COSX C€0S2X cos3x cosdx
f(X)Z——4 — + — + ...
3 1 4 9 16
1, —-xn< 0
d) f(X)= ’ T X<
0, O<x<nrm

(f(x) = T, 2 Z Cos(2m+;)x +Z(_1)n+1 sinnx
4 ﬂm:O (2m+1) =1 n

HAVE A GOOD UNDERSTANDING!'
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PHUONG TRINH VI PHAN VA LI THUYET CHUOI

BAI 6
§ 6 Chudi Fourier (TT)
e Khai trién ham chan, 1é e Khai trién ham tuan hoan chu ki bat ki
3. Khai trién ham chan, lé
3.1. Néu f(x) la ham s6 chan = f(x)coskx la ham chan, f(x)sinkx la ham I&

T
= a :gj.f(x)coskxdx; b, =0,VkeN
T

-x, 0<x< 3 C . oz s
Vi du 1. f(x):{ﬂ " tuln hoan véi chu ki 27, khai trién ham f(x)
T+XxX, —1<x<0

thanh chudi Fourier.
+) f(—x) =f(x)
+) b, =0,VkeN
2 T

+) ag :%J.f(x)dx :%I(n—x)dx:%(nx—%j =7
0 0

0

2 2 2 27 (sinkx
+) a, :—If(x)coskxdx:—j(ﬂ—x)coskxdx: = sinkxly - —de( j
T T k T k
T T
_ 2 xsmkx Ismkxdx _2 —cogkx| _ 22(1—cosk7r): 22(1_(_1)1()
)k K2 |y 7k 7k
f(x)——+ 1 (—1) coskx:£+ cos(2n+1)x
Z 2 ,;)ﬂ(2n+1)2
Vi du 2. Khai trlen thanh chudi Fourier theo cac ham sé cosin clia cac ham sb sau
a (K49) f(x)=1-x, 0<x<x 1—— —ZCOS(Z” Dx,
n=1 (2n 1)
L 0sx<y 1 2&[ cos(4n+1) (4n+3)
b K50) f(x) = 2 (_+_Z[COS +1)x cos(4n+ x})
T 2 14 4n+1 4n+3
0, —<x<r n=1
2
72 & Cos2nx
c (K51) f(x)=x(r —x), 0<x<nx (- —)
6 n=1 n

2 0
d (K60) 1) Cho khai trién Fourier x2 :%+4Z(—1)f'M . xe[-nx). Tinh

n2
& = 1 T
dng 2—4 (%)

n=1
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2) Cho khai trién Fourier \x\ 5 4200(2(%1_);))(
n_

n=1

xe[-n,7). Tinh téng

- T

;(Zn 14 (96’

3.2. Néu ham f(x) 1a ham s 1& = f(x)cos kx 1 ham s I& con f(x)sinkx k& ham chén
T

= a,=0; b = %If(x)sinkxdx, vkeN

Vi du 3. Cho ham sb f(x)=x, —x < x <z, tudn hoan v&i chu ki 27, khai trién ham
f(x) thanh chudi Fourier

+) Ham f(x) 1&

+) a, =0,Vk eN"

27 27 2t (—coskx
+) bk:—j.f(x)sinkxdx:—J.xsinkxdx:—J.xd( j
T T T

k

7rk|00k

= = +
T k ‘0

2 xcoskx| +HCOSkXdX} 2{ wCcoskr smkx| }__( 1)kt

) P00 =Y " 2 sinkx
k=1 k

Vi du 4. Khai trién thanh chudi Fourier theo cac ham s sin cia cac ham sé sau

a (K49) f(x)=m-x, 0<x<x (23 300
1, O<XS£ o0

b (K50) f(x) = 2 Z sin —smnx)
0, %<XS7Z' =

8 < sin(2n - 1)x
(=23

n=1 (2n 1)
3.3 Néu f(x) tuan hoan vé&i chu ki 2/, don diéu tirng khic va bi chan trén doan

c (K51) f(x)=x(r-x), O<x<rx

[-/; 1]. Dbi bién x' :%x = f(x)= f(Lx') = F(x") tuan hoan vé&i chu ki 27
T

S dung khai trién Fourier cho ham nay cod
a T . T

f(x)="2+ (a cosn=x+b smn—x),

(x) = 21 nCOSN X+ by sinn =
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¢ do ag :}J.f(x)dx, a, :;J.f(x)cosnﬂTxdx, vneN;

:H.f(x)sinn”Txdx, vneN

Nhan xét. Céng thirc nay nhan dwoc tir cong thire (1.3) khi thay 7 béi |, thay x bdi
2 x
/

Vi du 5. Khai trién ham tudn hoan vé&i chu ki 2, f(x)=x?, —1<x <1 thanh chudi

Fourier

+) f(x) chan

¥) b =0,k=12,...
1 3
. X

+)ay=| x“dx =—

) @ 3

1

-1
1 1
+) a, = | x?cosnzxdx = ZI x% cosnzx dx

1 0
jsm nzx }
0

1 )
= ZI de(smmrxj = 2[— sin n7rx
] nrx

1
_ 4 Xd(cosnnxj: 4 [x cosmrx| Icosnﬂxdx}

2
3

nroly

nr nr nr nr
0 0
4 | cosnrx mnnnx
- 2 = (=1 22
nr nr n T ‘ n-r
f(x)——+ (=1)" —5— COS Nz X
" D
Vi du 6. Khai trlen thanh chudi Fourier ham sb
Q -3<x<0
a (K52) 1) f(x) = voi chu ki 2/ =6
O0<x<3
e} n
A1 ( o 2n=Dax (=1 SinnﬂxJ)
4 =\ z(2n - 1) 3 n 3
0, —2<x<0
2) f(x voichuki 2/ =4
) Hx)= g 0<x<2
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1 1 2 2n-Dzx (1" . nzx
(Z—;Z( > COS 5 + p sin > J)

7 (2n-1)
¢ (K55) Khai trién ham tuén hoan T = 4 thanh chubi Fourier.
16 S 17X
1) f(x) =X, 2<x<2 (1)”
) fix) Z )
S (2k81) =2k
2) f(x) = x|x|, 2 < x< 2 (an b= T (2k-1’rx
" -, n =2k
2Kr

3.4. Néu f(x) don diéu tirng khic va bi chan trén [a; b], mubn khai trién f(x)
thanh chudi Fourier, ta xay dwng ham sd g(x) tuan hoan véi chu ki >(b—-a) sao
cho g(x)=1f(x), Vxela; b].

Khai trién ham g(x) thanh chuéi Fourier thi tbng cGa chudi bang f(x) tai
Vxela; b] (trlr ra co chang la cac diém gian doan cua f(x)). Vi ham g(x) khong
duy nhat nén c6 nhiéu chudi Fourier biéu dién ham s f(x), ndi riéng néu ham sb
g(x) chén thi chudi Fourier ctia nd chi gdbm nhirng ham sb cosin, con néu ham sb
g(x) 1& thi chudi Fourier ctia n6 chi gdm nhirng ham sb sin.

Vi du 7. Khai trién ham sé f(x) = g 0 < x < 2 thanh chudi Fourier theo cac ham sb
cosin va thanh chudi Fourier theo cac ham sb sin.

a) +) Xét ham g (x) :%, —2< x<2,tudn hoan chu ki 4

+) g(x)=f(x), 0<x<?2
+) Khai trién Fourier ham g(x) cé g(x) ch&n, do do

bk:0,k:1,2,...
2 2 512
8021 |x|dx:dex:X— =2
2 hd 2 0
-2 0
2 2 2
ak—l |x|cos@dx:.[xcos—dx jxd(— |n@)
2. 2
-2 0
2 2 5
= xsinkﬂx| - isinmdx—( 2) coskﬂx| (( 1)k _1)
T |O Okﬂ 2 kr 2 |0

KX = 8 2n+1rx
+) g(x)=1+ ( 1)< —1) RASAR cos x| <2
Z k?m? 2 = (2n+ 1?72 2
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+)f(x)=1—§z L 2c;os(2n+1)7rx, 0<x<2
T = (2n+1) 2

thao.nguyenxuan@hust.edu.vn

43 (=D kax
b) f =— sin , O0<x<?2
) f(x) Z i 5 < X<

U k
¢ (K55) 1) Khai trién thanh chudi Fourier theo ham sb cosine
f(x)=X, 0<x<3 (1+Z ‘42 cos(Z”‘1)”X)
3 2 ~=(2n-10)"7? 3
2) Khai trién thanh chudi Fourier theo ham s6 sine
X - nt1 2 . nNxXx
f(x)==, 0<x<3 (=)' —=sin—=
(x)=3 (21 —sin—>)
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CHUONG II. PHUONG TRINH VI PHAN
§1. MO bAU

e Dit van dé

e Cac quy luat trong vii tru déu dwoc viét theo ngdn nglr Toan hoc

e Mén DPai sé di dé giai rat nhiéu bai toan tinh

e Tuy nhién, hau hét cac hién twong tw nhién dang quan tam lai lién quan toi sy

bien doi va thwdng dwgc mé ta bdi cac phwong trinh ¢ lién quan déen sy thay doi vé
lwgng, dé Ia phwong trinh vi phan.
1. Khai niém co’ ban
e Phwong trinh vi phan 1a phwong trinh cé dang F(x, y, v, y", -, y'™)=0 (1)

trong do x 1a bién sé ddc 1ap, y = y(x) 1a ham sb phai tim, y', y",---, y'") 1a cac dao
ham cia no.

e Cap cua phwong trinh vi phan. La cap cao nhét cia dao ham cia y c6 mat
trong phwong trinh (1).

e Phwong trinh vi phan tuyén tinh. La phwong trinh vi phan (1) khi F la bac nhat dbi
voi y, v, y", -, y'. Dang tdng quat clia phwong trinh vi phan tuyén tinh cap n 13

y(n) n a1(x)y(n_1) ++a, 4(x)y +a,(x)y = b(x)

trong d6 ay(x), ---, a,(x) 1a nhitng ham sb cho trwde.

e Nghiém cta phwong trinh vi phan (1) 1a ham sé thod man (1)
e Giai phwong trinh vi phan (1) 1a tim tat ca cac nghiém cuta né.
Vi du 1. Giai phwong trinh vi phan sau

a) y' =cosx b) y'=Inx c)y
2. Mét s6 rng dung

=Xx"e d) y':x4sinx

a) Sinh trwréng tw nhién va thoai hoa

e Sy tang dan sb: %:(,B—cS)P, B la ti1& sinh, & 1a ti 1& chét

b) Lai luy tién %:rA, A la lwong db la trong quy tiét kiém tai thoi diém ¢, tinh
theo nam, rla ti lé 1ai luy tién tinh theo nam.

c) Sw phan ra phéng xa % = —KkN , k phu thudc vao tirng loai ddng vi phong xa
.. .a dA T U £
d) Giai doc i —AA, Ala hang so giai déc cua thubc

e) Phwong trinh tang trwréng tw nhién % = kx

Vi du 2. Theo sb liéu tai www.census.gov vao git)a nam 1999 séNdén toan thé gioi
dat tdi 6 ti nguwoi va dang tang thém khoang 212 ngan ngwdi moi ngay. Gia st la
murc tang dan soO tw nhién tiep tuc voi ty 1€ nay, héi rang:
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(a) Ty lé tang k hang nam la bao nhiéu?
(b) Vao gilra thé ki 21, dan sé toan thé gioi sé la bao nhiéu?
(c) Héi sau bao 1au sé dan toan thé gioi sé tdng gap 10 lan—nghia la dat toi
60 ti ma cac nha nhan khau hoc tin [& mdc tdi da ma hanh tinh ctia chang
ta c6 thé cung cép day du lvong thyc?
(a) Ta tinh dan sb theo ti va thoi gian theo ndm. L4y t = 0 (rng v&i gitra ndm 1999,
nén Py = 6. Sy kién P tang lIén 212 ngan hay la 0,000212 ti nguw®i trong mét ngay
tai t = 0 c6 nghia Ia P(0) = (0,000212)(365,25) ~ 0,07743 ti mét nam.
Tw phwong trinh tang dan s tw nhién P’ = kP v&i t = 0, ta nhan dwoc
_P0) [ 0.07743 4 0129,
P(0) 6
Nhw vay, sb dan thé gidi dang tang theo ti I&8 khodng 1,29% mét ndm vao nam
1999. V&i gia tri k nay, ta cd ham cho sb dan thé gigi 1a P(t) = 6e1%".
(b) V&i t = 51 ta c6 dw bao P(51) = 6e77"*®V~ 11,58 (ti)
sé |1a s6 dan cla thé gidi vao gitba nam 2050 (nhw thé ké tlr ndm 1999 méi qua mot
nira thé ki, dan sb thé gi¢i da tang gan gap doi).
(c) Dan sb thé gidi sé dat t&i 60 ti khi ma 60 = 6e”°'® nghia 1a khi
In10

t= ~178; trc la nam 2177.
0,0129

f) Qua trinh ngudi di va néng lén % =k(A-T), klahang sd dwong, A la nhiét
dé cua moéi tred'ng

Vi du 3. Mot miéng thit 4-Ib (1 Ib ~450 gam) cé nhiét d& ban dau la 50° F
(1°C = 3,380F)), dwoc cho vao mét cai 16 375° F vao luc 5 gior chidu. Sau 75 phut
ngwoi ta thiy nhiét dd miéng thit 1a 125° F. Hai t&i khi nao miéng thit dat nhiét do
150° F (vira chin t&i)?

Giai. Ta tinh thoi gian theo phut va coi lic 5 gio chiéu la t = 0. Ta ciing gia thiét (co
vé khong thuc té) rang tai moi luc, nhiét do T(t) cua ca miéng thit la déu nhw nhau.
Taco T(t) < A= 375, T(0) =50 va T(75) = 125. Vi thé

%:k(375—r); :Ikdt; ~In(375-T)=kt +C; 375-T =Be .

Vi T(0) = 50 nén B = 325, vay T = 375(1 — e ). Ta lai thdy T = 125 khi t = 75. Thay

cac gia tri d6 vao phwong trinh trén sé dwoc k = —71—5I (%) 0,0035.

Sau cung, ta gidi phwong trinh 150 = 375 — 325003

déi voi t = —[In(225/325)]/(0,0035) ~‘105 (phat) la tat -
ca ,th(‘)’i gian nwéng thit theo yéu cau d?t ra. B&i yi f, | [‘*.ﬁ_i-- :
miéng thit dwoc dat vao 10 luc 5 gi& chiéu, ta sé lay " T

né ra khéi 16 vao khoang 6 gi& 45 phut. :
g) Quy luat Torricelli A(y)% =-a\/2gy, & do, v la

thé tich nwdc trong thung, A(y) la dién tich tiét dién

Thao nwéc ttr mot bat ban céu

44



PGS. TS. Nguyén Xuan Thao thao.nguyenxuan@hust.edu.vn
thdng ndm ngang cla binh & dd cao y so v&i day, /2gy la tbc d6 nuwdc thoat ra
khdi 16 héng
Vi du 4. Mot cai bat dang ban cau ¢o ban kinh miéng bat la 4ft (ft ~ 0.3048 m)duoc
chtra day nwdc vao thoi diem t = 0. Vao théi diém nay, nguwoi ta mé mét 10 tron
dwong kinh 1in (in =~ 2,54 cm) & day bat. Héi sau bao lau sé khéng con nuéc trong
bat?
Giai. Ta nhan thay trong hinh, dwa vao tam giac vudéng cé A(y) = nr’ = [16—(4—y)?]
= n(8y — y°),
véi g = 32ft/s?, phwong trinh trén c6

d 1
n(8y — y2>7{ = (5 )°\[2.32y

1 16 2 1
8y2 _ 312 qy — _ t: =y _Z2y52 ..
I(y ymo)y =-|sdts =yt ooy 72

Do y(0) = 4, ta c6 C = 10432 _ 252 _ 448
3 5 15

Binh hét nwdc khiy = 0, nghia la khi ¢ = 72-41i58 ~2150 (s); tic la khoang 35 phut

50 giay. C6 thé coi la sau gan 36 phut, bat s& khdng con nudc.
Vi du 5. M6t dia bay roi xudng bé mat Mat trang véi van téc

o
450m/s. Tén Itra ham cua no, khi chay, sé tao ra gia toc Mj
2,5m/s? (gia toc trong trwdng trén mat trang dwoc coi 1a bao %
gdm trong gia toc da cho). V&i dd cao nao so véi bé mat Mat

trang thi tén Ira can dwoc kich hoat d& dam bao "sw tiép dat 2 l"

nhe nhang", tirc 1a v = 0 khi cham dét? Dia bay trong Vidu 5

e Phwong trinh: v(f) = 2,5t — 450.

e Dap sb: xo = 40,5 km.

Do doé tén Itra ham n@n dl’J’Q’C kich hoat khi dia bay & d(f)’cao 40,5km so v&i bé mat
Mat trang, va no sé tiép dat nhe nhang sau 3 phut giam toc.

Vi du 6. Bai toan ngudi boi

te vy

(—a. ) ' (a, 0)

time x
Bai toan vé ngudi boi

- . A - > e n L dy v x?
Phwong trinh vi phan cho quy dao cua ngwoi boi qua séngla —=—|1-—

2
ax g a

3. Cac mo hinh toan

45



PGS. TS. Nguyén Xuan Thao thao.nguyenxuan@hust.edu.vn

Thirc trang
T‘hli“ !"H’ Giai thich
bai toin
Mo hinh Phan tich

. —_ - . — Két qua
toan Dbai tosn et qud

Qua trinh mé hinh toan.
Vi du 1. Suét bién ddi theo thoi gian cla dan sb P(t) trong nhiéu trwdng hop don gidn

véi ty 18 sinh, ti khong dbi thweng ty 18 véi sd dan. Nghia la: % = kP

(1)

v&i k 1a hang sb ty 18.

I
'!

| YVolume WV

Quy luat thoat nwdc cua Torricelli.
Phwong trinh (1) mé t& qué trinh thoat nuwdc khai bé chira.
Vi du 2. Quy luat cda Torricelli n6i rang suat bién ddi theo thoi gian cia khoi lwong
nwdc V trong moét bé chira ty 1€ v&i can bac hai cua d6 sau y cua nwdc trong bé:
% = —k.\y , v&i k 1a mdt hdng sb.
Néu bé chira la mot hinh tru tron xoay véi dién tich day 1a A, thi V = Ay, va dV/dt =

A.(dy/dt). Khi dé phwong trinh cé dang: Z—{:—h\/;, trong d6 h = k/A la mdt hang

sb.

Vi du 3. Quy luat gidm nhiét clia Newton c6 thé phat biéu nhw sau: Suat bién doi
doi voi thdi gian cda nhiét d6 T(t) cia moét vat thé ty 1é véi hiéu so gilra T va nhiét
dé A cua méi tredng xung quanh. Nghia la % =—k(T - A).

(2) N Ve Ve N Ve

trong do, k la mét hang s6 dwong. Nhan thay rang néu T > A, thi d7/dt < 0, do dé
nhiét dé la mét ham giam theo t va vat thé ngudi di. Nhwng néu T < A, thi dT/t > 0,
va T sé tang lén.
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€ ) Nluet do 4

| Nhiét do T

Quy luat giam nhiét cua Newton,
Phwong trinh (2) mé ta mét hon da nong bi ngudi di trong nwéc
Vay, mét quy luat vat Iy da dwoc dién gidi thanh mot phwong trinh vi phan. Néu ta
da biQt cac gia tri cua k va A, thi ta co :[hé tim dwgc moét cong thire tudng r[linh cho
T(t), roi dwa vao coéng thirc do, ta co6 thé dw doan nhiét d6 sau dé cua vat thé

§ 2. Phwong trinh vi phan cap mét

e Pai cwong vé phuwong trinh vi phan cép 1

e Phwong trinh vi phan khuyét
e Dt van dé
1. Pai cwong vé phwong trinh vi phan céap 1
Dang tébng quat cGa phwong trinh vi phan cap 1 la F(x,y,y')=0 (1) hodc
y'=f(x,y) (2)
Dinh li vé sw ton tai va duy nhat nghiém
e f(x, y) lién tuc trén mién D c R?
* (Xo;¥0)eD
= trong lan can U, (x,) nao do cla x,, ton tai it nhat mét nghiém y = y(x) cla phuong

trinh (2) thoa man y(xy) =y, - Néu ngoai ra S—f(x, y) lién tuc trén D thi nghiém trén la
y

duy nhét

Chuy . . ]

- Viéc vi pham dieu kién cua dinh li c6 thé sé pha v tinh duy nhat

ay _
* dx_z\/;

. fy'(x,y)=ﬁ

gian doan tai (0 ; 0)
e C6 hai nghiém thod man: y; = x*; y, = 0.
- Vi pham gié thiét dinh li c6 thé lam bai toan v6 nghiém
o« x¥ _ 2y, y(0)= 1
ax
 Nghiém: 0 Inly| = 2In|x| + In|C| = y = CX?
y X

e y(0) =1, khong c6 Cnao = vb nghiém.4
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- C6 hay khéng phwong trinh vi phan khéong thoa man gia thiét va c6é duy nhat
nghiém?
- Bai toan Cauchy y' =f(x, y), y(xy)=Yo
- Nghiém téng quat cla phwong trinh vi phan (2) 1a ham sé y = ¢(x, C):

e ¢(x,C) thoad (2) véi moi C

° V(Xg; Yo)eD, 3C=Cy: o(x, C, )|X:X0 = Yo
Khi dé ¢(x, Cy) dwoc goi la nghiém riéng
- Nghiém ki di la nghi@m khéng nam trong ho nghiém téng quat
- Tich phéan tong quat la nghiém tong quat dw¢i dang an ¢(x, y,C)=0
- Khi cho tich phan tbng quat mot gia tri cu thé ta co tich phan riéng ¢(x, y, Cy) =0
2. Phwong trinh vi phan khuyét
a) F(x,y)=0
+) Y =f(x) = y:jf(x)dx
+) x=f(y'), daty’ =t = x=f(t); y :th'(t)dt

Vi du 1. Giai phwong trinh sau x = y'2 -y’ + 2
+) y':t
+) x=t?—t+2

2.5 t?
+) dy:tdx:»yzjt(zt—ﬂdt:gt ~5+C

. > 2.5
+) Nghiém x =t -t +2, yzgt -—+C

2
b) F(y,y')=0

dy
+)y'=f(y) = dX_Tj .[f(y

+)y=Ff(y'),dat y'=t = y =f(t), x

Jf(t)
t
F(t)

+) F(y,y)=0,dat y =f(t) = y' =g(t) = x =
g(t)

dt

Vi du 2. Giai phwong trinh y? +y'? = 4
+) y =2sint = dy =2costdt =2costdx
+)Néu cost 20 = dt =dx = t=x+c= y =2sin(x +c) 1a nghiém tdng quat

+) Néu cost =0 = t:(2k+1)% — y =+2 (Nghiém ki di)

HAVE A GOOD UNDERSTANDING!'

48



PGS. TS. Nguyén Xuan Thao thao.nguyenxuan@hust.edu.vn
PHWONG TRINH VI PHAN VA Li THUYET CHUOI
BAI 7
§2. Phwong trinh vi phan cap mét (TT)
3. Phwong trinh vi phan phan li bién sé
a) Binh nghia. f(y)dy = g(x) dx

b) Cach giai. jf(y)dy - jg(x)dx

=Ig(x)dx
Vi dy 1. 1%/ 2&z_y: 2
X
+ = yl<1,x>0 + —
(NN N

+)sin'y=Jx +C 9y =sin(Vx+C)
+) y = + 1 la nghiém ky dj
2°/ y'= 1+ x+y+xy

)y =(1+x)(1+y) )L =01+ y)
dy x2

+) =(1+x)dx,y=-1, nfl+y|=x+"—+C
1+y 2

+) y = -1 la nghiém ki di
3°/ (xy2 + x)dx +(y — x2y)dy =0
4°/ tan x sin? y dx + cos? xcoty dy =0

1+ y2 =C(1-x2))
cot2y =tan? x + C)

5/ y —xy'—a(1+ x2y) =0 =a+

1+ ax

6°/ x+xy+y (y+xy)=0 =In(C(x +1)(y +1))
7°(K60) a) y' = (x + y)? (arctan(x +y)=x+C)
b) Tim ham f(x) lién tuc trén R va thda méan

(
(
(y
(x

F(x) =1+ 2[ tf(t)dt, vx € R (22

8°/ (2x — y)dx + (4x =2y +3)dy =0 (5x +10y + C = 3In(10x — 5y + 6))
9°/ y' = 4x + 2y -1

( 4x+2y—1—2In(\/4x—2y+1+2):x+C)
10°(K56) (xy?2 + 2x)dx + (2y — 2x2y)dy = 0 (WIx2 -1 =c(y2+2))
c¢) Mét s6 trng dung
1°/ Sinh trwéng tw nhién va thoai hoa
e Sy tang dan sb: % =(p-05)P, platilé sinh, 5la ti lé chét
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2°/ Lai luy tién A _ A
dt
A la lwong dé la trong quy tiét kiém tai thei diém ¢, tinh theo nam
rlatilé lai luy tién tinh theo nam.

3°/ Sw phan ra phong xa % = —kN, k phu thudc vao tirng loai déng vi phong xa
.. .. OA T ST I £
4°/ Giai déc ’m = —-1A, Alahang so giai doc cua thudc
. o R .. dx
5°/ Phwong trinh tang treé’ng tw nhién 7 = kx

6°/ Qua trinh ngudi di va néng lén % = k(A-T), klahang sb duong, A la
nhiét d6 cia moi trwdng
Vi du 2. Mét miéng thit ‘4-Ib co nhiét do ban dau la ’500 F, dwoc qho vao mot cai 1o
375° F vao luc 5 gio chiéu. Sau 75 phut ngwoi ta thay nhiét do miéng thit la 125° F.
Hai t&i khi nao miéng thit dat nhiét d& 150° F (vira chin t&i)?
o % = k(375-T), T(0) =50, T(75) =125
dT

[ -

375 - T
e Thay T(0) =50, T(75) = 125 = B = 325, k~ 0,0035
e { ~ 105 phut tirc vao luc khoang 6h45’.

- jkdt — 375-T = Be X

7°/ Quy luat Torricelli A(y)% = —a/2gy, & d6 v la thé tich nwdc trong thung,

A(y) 1a dién tich tiét dién thdng ndm ngang cutia binh & dé cao y so v&i day, /2gy 1a
tbc d6 nwdc thoat ra khéi 16 hdng

Vi du 3. Mot cai bat dang ban qéu co ban kinh miéng bat la 4ft dwoc chira day nwoc
vao thoi diem t = 0. Vao thoi diém nay, ngwdi ta mé mot 16 tron dwdong kinh 1 inch &
day bat. Héi sau bao lau sé khéng con nwdc trong bat?

o Aly) = nr’ = n(8y - y°), amen o

dt 24 —__l'\\-.__‘_'__-?
.Eg_gg__it_i_c | \\
377787 T ol
ey(0)=4=C =228
° Théo nuéce ter mot bét ban cé
et ~ 2150 (s); tirc la khoang 35 phat 50 giay. a0 hutoc twmot bat ban cau
Vi du 4.

Y sin XY

a(K54) y' + sin , Y(r)=n (C=21In

tanl‘ ~2-2sin%)
4 2
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b(KS7) x—xy+y'(y—xy)=0 (y =1 x+y+In|(y-10)(1-x)=C
y -1
y +1

c(K60) 2y' =y’ -1 (In = x+0C)

4. Phwong trinh thuan nhat (dang cap)

a) Dat van dé

e Nhiéu trng dung dan dén cac phwong trinh vi phan khéng phan li

e Chang han, mét may bay xuét phat tir diém (a ; 0) d&t & dung phia Péng cla noi né
dén, la mot san bay dat tai gbc toa do (0 ; 0). May bay di chuyén vé&i van téc khéng
ddi vy lién quan dén gio, ma thdi theo dung huwéng Nam véi van tdc khéng ddi w.
Nhw da thé hién trong Hinh vé, ta gia thiét rang phi cong ludn git» hwéng bay vé phia
gbc toa do.

|‘II

¥ JH't:I

/ ,q”

Mdy bay hwéng vé goc
DPuwong bay y = f(x) cia may bay thda man phwong trinh vi phan

dy _ 1 (voy w\/x2+y)

"_

fa, 0)

v

dx vgx
b) Dinh nghfa. d—y:F(Zj (hoac %:G(ﬁ))
dx X dy y
(1)
c) Cach giai
e Dat v=Y = d—y:v+xﬂ
X dx dx
e Bién déi (1) thanh phwong trinh phan ly: x% =F(v)-
X
Vidu 1
1°/ Giai phwong trinh: Yy M
dx 2xy
dy =2| — 3 Y ov=Y :1:5, y=vx= d—y:v+xﬂ
dx y 2 X X vV y dx dx
dv. 2 3 dv 2 v v?+4
ov+x—:—+—v o X—=—+—= ;
v 2 dx v 2 2v

J Jldx = In(v* +4) =In|x|+InC.
V2 +4 X
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. v2+4:C‘x‘ = 5 +4=C|x| = v +4x% = kx®.

32
2°/ Gidi: xy2y'= xX° + y°

+) y = 0 khéng la nghiém

+)u:1 Sy=xu=y=u+xu
X

HuP=3In|x|+ C=y*=x*(3In|x| + C)

3°/ (x + 2y)dx—x dy =0 (x + y = Cx?)
X
4°/ (x — y)y dx = X% dy (x = CeY)
59/ 2x3y" = y(2x2 —y2)  (x = +y~/InCx)
6°/xy'—y:(x+y)lnx+y
X

7°/ (3y? + 3xy + X*)dx = (X* + 2xy)dy
80/y,:1—3x—3y

1+ x+y
. 2
9y = y? ~ 2

Vidu2. a(K52) xy/ —y = y(Iny

b (K53) 1)(x2 — y2)dy = 2xydx

2) y2dx = (xy — x2)dy
(K54) ) (x - y)ydx = x2dy

) Xy' =y =\x2+y2, y(1) =

)(2x y +4)dx + (x — 2y+5)dy:0
4) (2x +y +Ddx —(x + 2y —3)dy =0

2

d (K56) 1) yy’=y3—?

2) (x2 +y2)dx = xydy

Y

e (K60) 1) xy' =xe* +y

5. Phwong trinh tuyén tinh

a) Dat van dé
52

X2

HNy#0 Yy =—+
y

X< |<

1
HU+xU =U+—
U2

(y = —xInInCx)

X
((x + y)2 = Cx3e x*V)

(Bx+y+2In|x+y-1-=

(1-xy = Cx3(2+ xy), xy =-2)

—Inx),y(1)=e (x = InZ)
X

X Yy
0, xX'=——--",
(y = oy

dang cap)
2y

(e¥/X =Cy,y =0, x =0)

(y = x(inlex) ™,

Y +x2+y2 =Cx2,C =1)

(
(x+y -1 =C(x -y +3))
( =1)

y=0,x=0)

C‘y—x—4‘3‘y+x—§

(y? = %(In x2 + C), x=0)

Y
(-e x =In|x|+C)
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e Phuong trinh dai sb tuyén tinh cAp moét ax = b ludn giai dwoc
e Liéu co thé xay dung dwoc cach giai di véi phwong trinh vi phan tuyén tinh cap
moét hay khéng?

b) Binh nghta. % + p(x) y = g(x) hodc X' + p(y)x = q(y) (1)

c) Phwong phap giai. Cé 3 phwong phap giai la :
- Str dung cong thirc nghiém téng quat.

- Thira sé tich phan.

- Bién thién hang sé.

Dw&i day la phwong phap thira sé tich phan :

e Tinh thira s6 tich phan p(x) = ejp(x)dx,

e Nhan hai vé clia phwong trinh vi phan véi p(x),
e Pua vé trai clia phuwong trinh dwoc xét vé dang dao ham ctia mét tich:
Dy (p(x)y(x)) = p(x)q(x).
e Tich phan phwong trinh nay
p(x)y(x) = [ p(x)q(x)ax +C,

roi gidi theo y d& nhan dwoc nghiém tbng quat clia phwong trinh vi phan.
Ngoai ra cé thé giai bang cac phwong phap khac nhw : S dung c6ng thirc ngiém téng
quat (3), phwong phap bién thién hang sb)

Vi du 1. 1°/ Giai bai toan gia tri ban dau d—y—y = ﬂe"‘/3, y(0)=—

ax 8
* Cop(x)=-1vaq(x) = %e‘x’ 3, thiva s6 tich phan 1a p(x)= el % = e,
e Nhan ca hai vé clia phwong trinh da cho voi e ™ duoc e Xg—y— e Xy = 181 —4x/3
X
° i(e X y)= ﬂe—4xl3
ax 8
[ e—Xy = J—e_4X/3dX = _£6—4X/3 + C,
8 32

33 _
_CeX-2e x/3_
°y(x) 3

e Thay x=0va y = -1 vao tacd C = 1/32, nghiém riéng can tim 13
1 ¥ 33 _x/3 1

Y = —(e¥-33¢7*?),
yiX) =356 ~35° 328 3% )

2°/ Gidi phwong trinh y' + 3y = 2x.e*
+)p=3,9= 2x.e X +) p= e.[3dx = ¥

+) e¥ (y'+ 3y) = 2x );((ye ) 2X
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+)y.e*=x¥+C=y=(*+Ce™

3°/ Giai: (x+y.ey)% =1

+) %_X yey +)p:e_.[dy:e_y
dy

#) V(X - x) = 9 (xe V) =
e /(X'=x)=y +)W xe )=y

+) xe‘y:%y2+C = x:(%yz+Cjey

4°/ y'(2x +1) = 4x + 2y (y =@2x+1)(C +In[2x +1 + 1)

5°l y = x(y' — x cos x) (y = x(C + sinx))

6°/ (x + y2)dy = y dx (x = y2 +Cy)

7°/ y2dx — (2xy + 3)dy = 0 (x:Cyz—%)

8°/ (1+ y2)dx = (\/1 +y2siny — xy)dy (x 1+ y2 +cosy =C)
9°/ 2x + y)dy = ydx +4Inydy (x =2Iny —y +1+ Cy?)

DPINH LY 1. Phwong trinh tuyén tinh cap mét
Néu ham p(x) va g(x) lién tuc trén mét khodng mé I chira diém xo, thi bai toan gia tri ban
dau

&+ pixly = q(x), Y(%0) = o @)
c6 nghiém duy nhat y(x) trén |/, cho b&i cdng thirc

0= 179 flaael %y | ©
voi mot gia tri C thich hop.

Cha y:

e Binh Iy 1 cho ta biét moi nghiém clia phwong trinh (1) déu nam trong nghiém tong
quat cho béi (3). Nhw vay phwong trinh vi phan tuyén tinh cap mét khéng cé cac
nghiém ki di.

e Gia trj thich hop cla hang s6 C-can dé giai bai toan gia tri ban dau véi phwong
trinh (2) — c6 thé chon “mét cach ty déng” bang cach viét

X t
- | p(t)at x | pu)du
y(x)=e Yo+ J e q(t)dt
X0

Céac can xp va x néu trén dat vao céac tich phan bét dinh trong (3) dam bao trudc
cho p(xo) = 1 va vi thé y(xo) = Yo.
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Vi du 2. Gia str hd Erie c6 thé tich 480 km® va van téc clia dong chay vao (tr hd
Huron) va cla dong chdy ra (vao hd Ontario) déu la 350 km®/nam. Gia st tai thoi
diém t = 0 (nam), ndng dd 6 nhiém cta hd Erie — ma nguyén nhan 1a 6 nhiém céng
nghiép va nay da dwoc gidam bédt — bang 5 1an so véi hd Huron. Néu dong chay ra da
dwoc hoa tan hoan toan véi nwdc hd, thi sau bao 1au ndng do & nhiém clia hd Erie
s& gap 2 1an hdé Huron?

e Phwong trinh vi phan cép 1: LLL LI
at "4

e Ta viét lai n6 theo dang tuyén tinh cép 1: % +pxX=q

véihésbhang p=r/V, g=rc vanhan tk tich phan p =e”.
e x(t)=cV +4cVe V.
e D& xac dinh khi ndo x(t)=2cV, ta can giai phwong trinh:
cV +4cVe ™V =2¢cv; t= Kln4 = @In4 ~ 1,901 (nam).
r 350
Vi du 3. M6t binh dung tich 120 gallon (gal) luc (jéu chtra 90 Ib (pao-khoang 4509)
muoi hoa tan trong 90 gal nwdc. Nwdc man co6 nong dé mudi 2 Ib/gal chay vao binh
vp’i van toéc 4 gal/phat va dung dich,dé dwoc tron déu sé ghéy ra khoi binh v&i van
toc 3 gal/phut. Hoi cé bao nhiéu mudi trong binh khi binh day?
e Phuwong trinh vi phan : %‘F 3
dt 90+t
e Binh sé& day sau 30 phut, va khi t = 30 ta ¢6 lwong mudi trong binh la :

90*
x(30) = 2(90 + 30) —
(30) = 2( ) 1207

x=8

~ 202 (Ib).

Vi du 4.
1

a (K49) 1°/ (2xy + 3)dy — y2dx = 0, y(0) = 1 (x = y2 ——)
y

2
2°/ 2ydx + (y2 —6x)dy =0, y(1) = 1 X = %(1 +y))

(
b (K50) 1°/ ydx — (x + y2siny)dy =0 (x =(C -cosy)y,y =0)
2°/ (1+ y2)dx — (arctany — x)dy = 0 (x = arctany — 1+ Ce-arctany)
c (K51) 1°/ y’—Z:xcosx, y(%j:n (y = x+ xsinx)
X
eX
2°ly' =y =—, y(I)=e (y =(+Inx)eX)
X
X X
3/ =2 Y (y=e+c)
x+1 x+1 X +1
' y X
4° y' =1+ (y = (x +In[x[+ C))
x(x +1) X +1
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d (K52) 1°/ 2ydx — (6x — y2)dy =0, y(1)=1 (x = y72(1 +v))

2°/ (y +2)dx + (y = x +2)dy =0, y(1) =1 (x = (%—In\y+ 20(y+ 2))

X _
e (Ks83)1°/ xy'+y —eX =0, y(1) =1 (y:e—e+1)
X
2/ xy' = _x=0,y(1) =0 (y = —=_(x=1+Inlx])
X +1 X +1
f (K56) 1°/ 4ydx — (12x — 8y )dy =0 (x:y3(c+i2j; y =0)
y
2°/ 2x/§ydx—(6x/§x—2y2)dy:0 (x:y3(c+ij;y:0)
yN2
g (K58) 1°/ (x + y2)dy = ydx (x-=y(C+y)=0)
2
2°/ (x + y3)dy = ydx (x—y(C+y7):O)
h (K60) 1°/ y" + y = cosx — sinx (y = cosx + Ce™X)
X
2°/ xy' +y =eX, y(I)=e (y:e_)
X
3°/ y' +y = 32X (y = e2X + CeX)

6. Phwong trinh Bernoulli
a) Pinh nghia. %+p(x)y =q(x)y%, a#0, a=1hoac x' + p(y)x = q(y)x*, o # 0
X

(2)
b) Cach giai
e V&iy=0,d4tv=y"?
e Bién dbi phuwong trinh (2) thanh phwong trinh tuyén tinh:
dv
——+(1-a)p(x)v = (1-a)q(x).
dx
Vidu 1. 1°/ d_y_iyzz_x
dx 2x y
e La phwong trinh Bernoulli véi p(x) = -3/(2x), q(x) = 2x, a=-1va1l—-a=2
' 3 2
=Yy -y =2x
2x
21, 2 \ x ;o dv 3
e Dat: v = y* ta thu dwoc phuwong trinh tuyén tinh: d———v =4x
X X
+) Nhan tir tich phan p = el /0% _ 43,

+) Dx(x_3v)=12:> X_3V=—£+C — x 32 :—£+C
X X X
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o y2 = —4x% + Cx3.
2°/ y' + 2y = y2eX (y(eX +Ce?X) =1y =0)
3%/ xyPy' =X+ y (y> = Cx* - 3%%)
4°/ y' = y4 cos x + y tan x

(y3 =Ccos3 x —3sinxcos? x; y =0)
5°/ (x + )(y' + y2) = -y (y(x + D(In|x +1+C) =1y =0)
6°/ 3x dy = y(1+ x sin x — 3y3 sin x) dx (y3(3+cecosx)=x, x=0,y =0)

Vidu2 a(K50) y’' + 2xy = 2x3y3 (y=2 = %(Cez"2 +2x2+1),y =0)
b(K52) y' + y1+y2=0 (y 1=+ x)(nl1+ x| +C), y =0)
X +

c(K54) 1) 3xy2y’' = x3 cos x + y3 (y = 3x(xsinx +cosx +C)

1
2) (x+ Ny +y?) =-y (y =0,y =[(x+D(nlx+1+C)]")
d(K56) 1) xy2y' = x2 + 3 (y = x3c - )

X

2) 8xy2y’ = x2 - 8y3 (y :13/c+ix5)
X 40

7. Phwong trinh vi phan toan phan

a) Dinh nghia. Phuong trinh  P(x, y)dx + Q(x, y)dy =0 (1)

dwoc goi la phwong trinh vi phan toan phan néu cac ham P(x, y) va Q(x, ) lién tuc

cung v@i cac dao ham riéng cap moét trén mién don lién D va co
v _ @)
oy ox

thi c6 tich phan tdng quat la

X y y X

jP(t,yO)dt+ jQ(x,t)dt - C hodc jQ(xo,t)dt+ jP(t,y)dt -C

X0 Yo Yo X0 N

Chu y. Co hai cach giai phwong trinh VPTP @ Str dung cong thtre tich phan tong

quat néu trén, hoac BPinh ly 4 ménh dé twong dwong hoc trong Giai tich 2.

Vi du 1. 1°/ Giai phwong trinh vi phan (6xy — y°)dx + (4y + 3x* — 3xy*)dy = 0

e P(x, y) = (Bxy —y°); Q(x, ¥) = (4y + 3% - 3xy)

e P _6x- 3y* = Q. Phwong trinh vi phan toan phan
oy oX
oF _ 3 = 32
o S=P(xy) = Fixy) = [(Bxy —y*)dx =3y —x/ + g(y).
¢ S -Q(xy) = =3¢ -39+ gly) = 4y + 3 - 3
Yy Yy

e g'(y) =4y = g(y) = 2y° + Cy,
o F(x, y) = 3y — xy° + 2° + C.
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e Tich phan tdng quat 3x°y —xy* +2)°= C

2°/ (2x + 3y)dx + (3x + 2y)dy =0
+)P 2x+3y; Q=3x+2y = Q=

=3x+ 2y:>3x+g(y)
x{+ 3xy + y°

30/ (4 yzjdx+2—ydy 0
X
4°/ e Ydx+(1-xe¥)dy =0
5°/ de+(y3 +Inx)dy =0
X

2X y2 — 3x2

P,=3
=3x+2y=g(y) =y

+) F :J(2x+3y)dx =X+ 3xy + g(y)

((4x2 + y2) = Cx)
(y + xe¥ =C)
(4ylnx + y* =C)

6°/ﬁdx+ % dy =0 (x2 — y2 = Cy?)
7°/xdx+ydyzw (x2 + y2 —2arctany = C)
X2 +y X

8°/ 2xcos? y dx + (2y — x2sin2y)dy =0

2
(x + 1)cosyd

9¢/ ( + 2jd
siny

(x2cos?2y +y2 =C)

=0 (x2 +1=2(C -2x)siny)

cos2y —1
10°(K51)
2 _ 342 2
A S Loy 0 (5--0)
y y y* oy
Yy 3 _ il _
b) =dx + (y° +Inx)dy =0 (4 +ylnx =C)
X
i Yy 3 _ _ vt _
C) | sinx + dx + (y° +Inx)dy =0 (—cos x + 2 +ylnx =C)
X
y? y - y?
d) smx——2 dx + cosy+2 dy =0 (—cosx +siny + — =C)
X X
11°(K55)
2
a) smx+y—2jdx 2ydy:O (cosx+y—:C)
X X X
2 2
b) cosx—y—zjdx+2—ydy 0 (sinx+y—: )
X X

c) (xy2 + x)dx +(-y + x2y)dy =0
d) (xy2 — x)dx +(y + x2y)dy =0

2
12°(K56) (1-2)dx 2 gy =0
X X

2
2—xa’x+y 3x

4
y Y

dy=0

(x2+(x2-1)y2=0C)
(-x2 +(x2+1)y2 =0C)
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13°(K58) X1 g
y: 2y?

b) Thira sé tich phan
Phuwong trinh vi phan P(x, y)dx + Q(x, y)dy =0 voi Q = P, co thé dwa vé
phwong trinh vi phan toan phan khi tim dwoc p(x) = 0 (hodc p(y) = 0) sao cho

phwong trinh uPdx + uQdy = 0 cé ai(uQ) = ai(uP). Khi d6 ham u(x) (u(y))
X y

duwoc goi la thira sb tich phan, va duoc tinh nhw sau.

i ’ _ P! B
o Néu % = o(x) = u(x) = e] oK

; ’ _ P!
oNéu EZB ) = uiy) = ol v
Vi du 2. 1°/ (x + y?)dx — 2xydy =0 (1)

’ ’ 2
+)Q"_Py:_4y _2 +)y(x):e_J}d’(:i
Q -2Xy X x2
+) x = 0 la nghiém
2 Y
H)x=z0: (1)< X +2y dx — 2—ydy = 0 la phwong trinh vi phan toan phan
X X

X Y ° ]
+)j1dt+jﬁdtzc +) In|x| = £= = C 1a tich phan tdng quat

/ t 0 X X

3°/ 2xtany dx + (x2 —2siny)dy =0 (u = cosy, x2 siny+%cosZy =C)

4°/ (e2X —y2)dx + ydy =0 (u = e2X, y2 = (C - 2x)e?X)

5°/ (1+3x2siny)dx — xcotydy =0 (u = _1 , X3 + _X =C)
siny siny

Vi du 3.

a (K49) 1°/ eX(2 + 2x — y2)dx — 2eXydy =0 (2xeX —eXy2 = C)

2°/ (2xy + x2y3)dx + (x2 + x3y?)dy =0 (x?%y +%x3y3 =C)

3°/ Tim h(x) d& phwong trinh sau la toan phadn va gidi
h(x)[(y + cos y)dx + (1-siny)dy] =0
(h = KX, eX(y +cosy) =C)
4°/ Tim h(y) d& phuwong trinh sau la toan phan va giai
h(y)[(1 - sin x)dx + (cos x + x)dy] = 0
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(h =Ky, eY(x+cosx)=C)

b (K50)
1°/ Tim h(x) dé phwong trinh sau 1a toan phan va giai h(x)[(y + In x)dx — xdy] = 0
(h = Cz,—llnx—l—Z—C)
X X X X

2°/ Tim h(y) d& phwong trinh sau 1& toan phadn va giai
h(y)[y(1+ xy)dx — xdy] = 0

c (K52) ] ‘
1/ Tim h(y) dé phwong trinh sau la toan phan va giai
h(y)[(1- sin x)dx + (cos x + x)dy] = 0

(h=CeY,e¥Y(x+cosx)=C)
2°/  Tim h(x) d& phuwong trinh sau & toan phadn va gidi
h(x)[(y + cos y)dx + (1-sin y)dy] = 0

(h =CeX,eX(y +cosy)=C
d (K57) (1+3x?sin y)dx —xcot ydy =0
e (K58) Tim h(y) dé phuong trinh sau 1a phuong trinh vi phan toan phan va giai phuong
trinh d6

cos2y

2xh(y)tan ydx + h(y)(x* —2sin y)dy =0, (h(y) = cos y,x’ siny+ =C)

HAVE A GOOD UNDERSTANDING!'
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e Dat van dé. Bai trwdc da hoc xong phwong trinh vi phan cip mét va co (ing dung thu vi

sau:

e Phuong trinh logistic dwoc dwa ra (vao khoang nam 1840) b&i nha toan hoc va nhan

PHUONG TRINH VI PHAN VA Li THUYET CHUOI

BAI 8

thao.nguyenxuan@hust.edu.vn

§3. Phwong trinh vi phan céap hai

chling hoc ngudi Bi P.F. Verhulst va né tré thanh mét mé hinh cho sw téng trudng dan sé.

e Trong vi du sau day chung ta so sanh m6 hinh tang trwéng tw nhién va moé hinh
logistic cho di¥ liéu diéu tra dan s6 & My vao thé ky 19, sau d6 dwa ra dw an so

sanh cho thé ky 20.
Vi du. Dan sé nwdc My nam 1850 la 23.192 triéu. Néu lay P, = 5,308.

o Thé cac di¥ liéu t = 50, P = 23,192 (v&i thoi diém 1850) va t = 100, P = 76212 (véi

thdi diém 1900) vao phwong trinh logistic % =kP(M-P)

A L . 5,308 M
ta co6 hé hai phuwong trinh ( ) ~SorT = 23,192 ;
5,308 + (M — 5,308)e
5.308 )M
(5.308) s = 76,212.
5,308 + (M — 5,308)e
e Giai hé naytacé M =188,121, k =0,000167716.
£ s . 998,546
e Thé vao (1) ta co P(t) = 00315571 (2)
5,308 + (182,813)e
5 Dansbthyc | Mo hinhdansé | Saisd M5 hinh P
Nam | oa nuéc My dang mii dang mi logistic Sai 50 logistic
1800 5.308 5.308 0.000 5.308 0.000
1810 7.240 6.929 0.311 7.202 0.038
1820 9.638 9.044 0.594 9.735 -0.097
1830 12.861 11.805 1.056 13.095 -0.234
1840 17.064 15.409 1.655 17.501 -0.437
1850 23.192 20.113 3.079 23.192 0.000
1860 31.443 26.253 5.190 30.405 1.038
1870 38.558 34.268 4.290 39.326 -0.768
1880 50.189 44.730 5.459 50.034 0.155
1890 62.980 58.387 4.593 62.435 0.545
1900 76.212 76.212 0.000 76.213 -0.001
1910 92.228 99.479 -7.251 90.834 1.394
1920 106.022 129.849 -23.827 105.612 0.410
1930 123.203 169.492 -46.289 119.834 3.369
1940 132.165 221.237 -89.072 132.886 -0.721
1950 151.326 288.780 -137.454 144.354 6.972
1960 179.323 376.943 -197.620 154.052 25.271
1970 203.302 492.023 -288.721 161.990 41.312
1980 226.542 642.236 -415.694 168.316 58.226
1990 248.710 838.308 -589.598 173.252 76.458
2000 281.422 1094.240 -812.818 177.038 104.384
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Hinh 1.7.4. So sanh k,ét qua ctia md hinh dang mi va mé hinh logistic
v@idan so thyc clia nwéc MY (tinh theo triéu)

e Nhitng dw doan theo mé hinh dang mii P(t) = (5,308)e(%026543) v theo mé hinh
dang logistic (2) dbi chiéu voi két qua théng ké dan sé thwe ctia My, ta thay
— Ca 2 m6 hinh déu cho két qua tét trong giai doan thé ki 19

— M6 hinh dang mii cho s liéu phan ky ngay tir thap nién dau tién clia thé ki 20,
trong khi mé hinh logistic c6 két qua twong doi tot cho t&¢i tan nhirng nam 1940.

— DPén cudi thé ki 20 md hinh dang mii cho két qua vuot qua xa dan s6 thuc cla
My, con md hinh logistic lai cho sé liéu dy doan thap hon so6 liéu thuec.

e Sai s0 trung binh dé do mirc d6 cho phép clia moé hinh hop li voi diF liéu thuc té:
la can bac hai cta trung binh cac binh phwong cla cac sai s6 thanh phan.

e Tr bang 1.7.4 trén (juo’c: mo& hinh dang mi co sai sb trung binh la 3.162, C(‘),n mo
hinh logistic c6 sai s6 trung binh [a 0.452. Do d6 mé hinh logistic dw doan toc do
tang trwdng dan s6 nwédc My sudt thé ky 20 tot hon mé hinh dang md.

1. Dai cwong
e Dinh nghia. F(x,y,y,y")=0 (1) hoac y"=f(x,y,y") (2)
Vi du. a) yy"+ y'2 +xy =0

b) y' =3 xy+y"+1
e Dinh li vé sw ton tai va duy nhat nghiém
of

oy’
(2) c6 nghiém duy nhat trong U, (x,) thoda man y(xy)=yo, ¥'(Xg)= Yo

Néu f(x, y,y'), %f(x, v, ¥, f(x,y,y") liéntuctrén D c R3, (X0, Yo, Yo) € D thi

e Vé mét hinh hoc: Dinh Ii trén khang dinh néu (xg, yo, ¥4) € D = trong U.(Xg, ¥o)
c6 dwong tich phan duy nhat cta phuong trinh (2) di qua (X, ¥o) va hé sb goc cla
ti€p tuyén cla no tai diém nay bang yj.

Dinh nghia. Ham y = ¢((x, C;, C,) la nghiém tbng quat cla (2) <

+) ¢(x, Cy, C,) thod mén (2) véi VC,, C,

+) Y (Xq, Yo, Yo) € D néu trong dinh li tim dwoc c?, cg: y = o(X, c?, cg) thoa man

0 .0 0 -0
(X, 1, C3 )‘X—XO =Yo. ¢'(X. €1, G5 )‘X_XO =Yo

Ham ¢(x, c?, cg) dwoc goi la nghiém riéng

Dinh nghia. Hé thirc ¢(x, y, ¢, c5)=0 xac dinh nghiém tbng quat cla (2) duoi
dang &n duoc goi 1a tich phan tdng quat. Hé thirc ¢(x, y,c), cJ) dwoc goi la tich
phan riéng
e M6t s6 (rng dung

e La m6 hinh toan hoc cua nhirng hé co hoc va mach dién: LI" + RI’+%I = E'(t),
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& do E(t) 1a dién ap (ngudn dién).
. A Lz n R £, iR d’x  dx s 4z
e Phuwong trinh mé ta dao déng tw do cua chat diém mF+cE+ kx =0,0 doé
chét diém cé khdi lwong m, cac hang sbé dwong k, c.
e Phuong trinh mé ta dao déng cudng birc clia chat diém béi tac ddng clia ngoai luc
F(t)

2
mﬂ+ c%+ kx = F(t).
dt? it
2
« Bai toan van téc vii tru cap hai : m% = _kM_an, r(0)=R, r'(0)=v,
r

2. Phwong trinh khuyét
a) F(x,y")=0

Céch giai. Bat y' = p= phwong trinh vi phan cdp mét F(x, p')=0 = p=g(x,c).
Giai phwong trinh vi phan cap mét y' = ¢(x, ¢)

Vidut. 1/ x=(y")° +y" +1
! '2 /
ep=y = x=(p) +p +1

2
eDatp =t = x=t>+t+1va dp:tdx:t(2t+1)dt:>p:§t3+%+c1
_—— ~ (2,5
oTr y _p:y—jpdx—j(gt +Z+C1J(2t+1)dt
:it5+£t4+1t3+c:1t2+c:1t+c:2
15 12 6
e Tich phan tbng quat ctia phwong trinh da cho la
4 5 5 4 13 2
X=t?+t+1, y=—t+—t* 4 P4 ct? +ct+c
Y95 T2t Tl Tt e
2°/ y”:1 (y = x(Inlx|+ Cy) + C,)
X

3
3°/ y"=x+sinx (y:%—sinx+C1x+C2)

x? 3
4°/ y" =Inx (y:7(lnx—§)+C1x+C2)
X2— X 2
5°/ y" =arctanx (y = 5 arctanx—EIn(1+x )+Cix+C,)
2 3
6°/ xy"=x*-x, y(0)=0 . (y=a1x—%+z,aleR)
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b) F(x,y'y")=0
Céach gidgi. D&t p=y' = phwong trinh vi phan cdp mét F(x,p,p)=0 =
p = ¢(x, ¢), gidi phwong trinh vi phan cap mét y' = p(x, ¢)

Vidu 2. 1°/ (1-x?)y" = xy' =2, y(0)=0, y'(0)=0

e p=y' = (1—x2)p'—xp:2 = p'—1 sz:1 X2,x¢ir1 ld phwong trinh vi
phan tuyén tinh cdp 1, c6 nghiém téng quat
_J;de _J;de J;de
2 2 2 2
p=ce X 1e  Tx e =X dx
1 J.1— x?
1 1 1
——In|1—x2| —fln|1—x2| —In|1—x2|
=ce 2 +e 2 J 2262 dx = C12+ 12_[ 22dx
1-x J1-x2  J1=x2*J1-x

__ G N 2
\/1—x2 \/1—x2

Y = G, 2
\/1—x2 \/1—x2
e ¥y(0)=0 =¢,=0y'(0)=0 = ¢, =0

arcsin x

. N2 .
arcsinx= y = (arcsinx)” + ¢c,arcsin x + ¢,

e Nghiém can tim : y = (arcsin x)?
2
21y =y'+x  (y=Ce"+Cr-x-)

3°/ y”:L+x (y:%x3+C1x2+C2)
X

X
! —+1

4°/ xy" = y'Iny7 (y :(C1x—C12)eC1 +Cy)

5 (1+x%)y"+y?+1=0  (y =(1+C7)In|[x +Cy|-Cyx + Cy)
6°/ x°y"=y'*  (Cix—Cfy =In|Cix+1+Cyp; 2y =x*+C;y =C)

7°1 2xy'y" = y'? -1 (9C12(y—C12) = 4(C1x+1)3; y=C=*x)
2 3

8/ y"? 4y = xy" (y:C1X7—C12x+C2;y:T—2+C)

3
9e/* y”3+xy”:2y' ( x:C2p+3p2;y:%p5+%C1p4+C12%+C2;y:C)
107 2y'(y"+2)=xy"”  (3Cyy =(x-C)>+Cpy =C;y =C-2x%)
Vidu3
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’ g
a (K49) 1°/ y”+y7: x2(y')4,y(1) =2,y'(1)=1 (y :%[5—(1—3In|x|)3})

2°/ (x +1)y" + x(y')? = y', y(0) =1, y'(0) = 2 (y =In(1+ x?)+ 2arctan x +1)
1 x4 x* 3x? 1
b (K50) y" — ——y' = x(x 1), y (2) =1, y'(2) = —1 _X X X gy
(K50) y 1/ x(x-1),y(2)=1y'(2) (y s 5 o " x+3)
c (K52) 2xy" -6y’ +x2=0,y(1) =0, y' (1) =1 ( —X_3+X_4_l)
d (K53) 1+ (y')’ = 2xy’y" ( :% (Cx -1 +C,)
1

el 1+x3)y"+)?+1=0,'(0)=1 (y=-x+In(1+x)*> +Cyp, x#0 )
c) Fy.y,y")=0

Cach giai. bat p=y' = %:p@ = Fly, p,p@ =0 la phwong trinh vi phan
dx dy dy
cap moét, gidi ra c6 p =o(y,c), gidi phwong trinh vi phan cap mét y' = ¢(y, c) ta

dwoc nghiém can tim.
Vidu 4. 1°/ 2yy" = y'2 +1

ep=y = y”:pg—g,thayvéo co 2yp2—5:p2+1
szdp_dy,y;tO
1+p y

= In|y|:ln(1+p2)+ln\c1\ hay y = c¢,(1+ p?)

oT p=y’ :>dx:d—y:2c1dp,p¢0 = p:L+c2
p 2¢

2 2
e Nghiém téng quat y=cq| 1+ L+ o = ¢+ (X +2¢405)

e Dat 2¢,cp, =-a,2c,=b = Zb(y—g) = (x—a)2 la parabol phu thudc 2 tham sé va
cé dwong chuén 1a truc Ox.

y?=Ci(x+Cp)%y=C)

Cyy =%sin(Cix+C,))

2°/ y'2 +2yy" =0 (
39 yy"+1=y" (
4l yy"=y?—y®  (y+Cynly]=x+Cyy=C)
59/ 2yy" = y? + y'? (y =Ci(1+ch(x +C,)))

6°/ y"+y'? =27 (¥ +Cy=(x+C,)°
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79 y? =By -2y')y" (x=3C;p*+InCyp;y =2Cp° +p;y =C)
y_CZ )
a
Vi du 5. (Bai toan van toc v tru cap 2). Xac dinh van toc nhé nhat dé phong mot
vat thang ding vao vi tru sao cho vat khong trd lai trai dat, gia thiét strc can khong
khi khéng dang ke.
e Khéi lvgng trai dat la M, vat phong 1a m, khodng cach gilra tam trai dat va tam
vat phéng la r, theo dinh luat hap dan cua Newton, lyc hut tac dung Ién vat la

sin

8°/ y’(1+y'2) =ay" (x-Cy=aln

f= kM , k 1a hang sé hap dan.
r?
d?r Mm , N
e Phuong trinh chuyén déng cta vat la m—- dt2 ~k—-,r(0)=R,r'(0)=vq, 0 do R
r
la ban kinh trai dat, v, la van toc Itc phong.
2
oDéltv:r':>r”:vﬂ:>vﬂ:—kM:>vdv:—wdr:>V—:lkM+c:1
ar ar r r 2 r

2 2 2

vg kM Vv M vy kM
T v(0)=0 c6 v(R)=v, = C :—0——:>—:k—+(—0——J20
* e v0) Ri=vo=0=5 g =5 "2 &

3
Chor > o = vy > /ZI;MzH,ka/s(do k=6,68.10"-"_ R=63.10°m

e Van tbc vii tru cAp hai la 11,2km/s

Vi du 6
a (K50) yy"—y? =y* y(0)=1,y'(0) =1 (y=i)
b K51) 1. 2yy"—y? =1,y =1y (1) =1 (y=X22+1)
2. yy"+y?=1y(0)=1y'(0) =1 (y=x+1)
c (K52) 2yy" —y'? —1=0,y () =1y’ (1) =1 (y= X22+1 )
d (K53) 1+(y')* =2yy" (C¥(x+Cp)? =4(Cyy - 1))
e (K56) y'2 —2yy" =0 (y:%(x+02)2 ,y=C)
f(K57) y"+y? =3¢, y(0)=0, y'(0)=6 2e2 \/_(x+\f =0, y=C)

d) M6t s6 truong hop F(x,y,y,y") =0
Vidu 1.
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a) yy"+y'? =2x
y =G =2C,y +Co; y(x+Cy)=-1y =C)
1

C) yy" =y (1+y) (Cy —1=C,“™;y =C~x,y =0)
d) yy”+y’2=1 (y2=x2+C1x+Cz)

b) y"=2yy’ (y=Citan(Cix+C5);In

e (K55) 1°/ xy"—y'(e¥ —1) =0

(Inlx|+C, :Ci(y—ln‘ey+C1D, e +In[x|+C, =0, y=c)
1

2°/ xy"+y'(eY +1) =0
(Inlxl+C, :Ci(y+ln‘e‘y+C1D, e’ =Inlx[+Cy; y=c)

1
2

3°/ yy"+(y')* +xsinx =0 (_y7+ xsinx+2cosx+C;x+C, =0)
2 2
4°/ yy”+(y')2+lnx:0 (—y7+x7lnx—%x2+C1x+C2:O)

HAVE A GOOD UNDERSTANDING!
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PHUONG TRINH VI PHAN VA Li THUYET CHUOI
BAI 9
§3. Phwong trinh vi phan cép hai (TT)
e Dat van dé. M6 hinh toan hoc clia hé co hoc va mach dién dan dén phwong trinh
vi phan cép hai mﬂ+c%+kx:0; LI”+RI'+lI:E’(t)
at? dt C
k la hé sé co dan cta 16 xo; ¢ 1a hé sb gidm xdc; m la khdi lwong vat thé
3. Phwong trinh vi phan tuyén tinh cap hai
a) Binh nghia. y" + p(x)y" + q(x)y =f(x) (1)
b) Phwong trinh vi phan tuyén tinh thuan nhat y” + p(x)y’ + q(x)y =0 (2)
Dinh li 1. y4, yo la cac nghiém cua (2) = cqy1 + coyo clng la nghiém cua (2),
Vey, 62 e R

ya(x)
y1(x)
hang sb trén [a ; b]. Trong treong hop ngwoc lai ta néi cac ham nay phu thudc
tuyén tinh.

e Dinh nghia. Cac ham y4(x), y2(x) la doc lap tuyén tinh trén [a; b] < #

Vidu1. a) eX, e2X b) X2 +2x +1, X + 1 c) tan x, 2tan x
Dinh nghia. Cho cac ham y(x), y2(x), khi d6 dinh thirc Wronsky ciia cac ham nay
la

Yyi.y2

A

Yi Yy

Dinh li 2. Cac ham y4, y, phu thudc tuyén tinh trén [a; b] = W(y1, y2) = 0 trén
doan dé

W(y1, y2) =

Chu y. Néu W(y4, y2) # 0 tai xo nao do thudc [a; b] = ddc Iap tuyén tinh

Dinh 1i 3. Cho y4, y» la cac nghiém cla (2), W(ys, y2) # 0 tai xo € [a; b], cac
ham p(x), g(x) liéntuc trén [a; b] = W(y4, y2) # 0, Vx € [a; b]

Dinh li 4. Cac nghiém y4, y, cla (2) doc 1ap tuyén tinh trén [a; b]

= W(y1, y2) 20, Vx e a; b]

Dinh li 5. Cho y4, y» 1a cac nghiém déc lap tuyén tinh = nghiém tbng quat cla (2)
la

y =Cy1+Cay2.
Vidu2. y"+y =0
Dinh li 6. Biét nghiém riéng y; = 0 cla (2) = tim dwoc nghiém riéng y, cua (2)
doc lap tuyén tinh véi y4 va cé dang yo(x) = yq(x)u(x)
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Hé qua. Vé&i gia thiét caa dinh li 6, nghiém y, tim dwoc theo cdng thirc sau

Y2 = yd%e‘f"(x)d’(dx (Liouville).
{

VAan dé dat ra 1a : Tim nghiém riéng khac khéng nhw thé nao ?
Vidu3. a)y"-y' =0

+) D& thay y; = 113 nghiém #) y2 = e[ NGy — ox ¥)
y = C1 + Czex
b) x2y" + xy' —y =0
I 1 [Tox (R

+) y1 = x langhiém +) yo, = xJ‘ﬁe x dx = ijdx = oy
+)y =Cix + L2

X
c) (2x +N)y" +4xy' -4y =0 (y = Cix + Cre—2X)
d) xy —2x + 1)y + (x +1)y =0 (y = CieX + Crx2eX)
e) y'-2(1+tan? x)y =0 (y = Citan x + Co(1+ x tan x))

f (K60) (x2 + 2x)y" — 2(1+ x)y’ + 2y = 0, biét y; = x + 1 la nghiém riéng
(y = Ciy1 + Co(x% + x + 1))
c¢) Phwong trinh vi phan tuyén tinh khdng thuan nhat y" + p(x)y’ + q(x)y = f(x)
(1)
Dinh Ii 1. Nghiém tbéng quat cla (1) co dang y =y + Y, & d6 y la nghiém tbng
quat cua (2), Y la nghiém riéng cua (1).
Dinh li 2. (Nguyén li chdng nghiém)
Néu y, la nghiém cta phuong trinh y" + p(x)y’ + q(x)y = fi(x).
y> la nghiém cida phwong trinh y" + p(x)y’ + q(x)y = fK(x).
Thicoé y = y4 + y» la nghiém cua phuwong trinh y" + p(x)y’ + q(x)y = fi(x) + fo(x).
Phwong phap bién thién hang s6 Lagrange
e Biét nghiém tbng quat ctia (2) 1a y = ciy1 + Coy2
« Giai hé sau {cm FC2 =0 o bx)+ Kr, Gy = do(x) + Ko
Ciy1 + Coy2 = f(x)
e Nghiém tong quat cta (1) 1a y = y1(¢(x) + Ki) + ya(da(x) + K2)
Nhan xét. Phuwong phap nay cho ta cach tim NTQ cua (1), khi biét NTQ cuda (2).

2 - X

Vidud4.a1) y"-y' = 3
X

eX
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¥) yg = 11anghiém  +) yp = jefdxdx _ ex +) 7 = Cy + Cpe*
Cj + CheX = 0 c1'=—2‘3xex

+) Giai hé oy o X -
C1.0 + CoreX = 3 ex cL - 2-X

Cz—l—i+K2
X x2
, eX 1 eX
Taco C1zjﬁdx+jexd(ﬁjzﬁ+m
 a 2 , eX 1 1 eXx
+)Ngh|emtongquaty:1.(—+K1)+ex(———+K2):K1+K2ex+—
x2 X X2 X
2) x2y" + xy' —y = x2
+)Theovidu3cé)7:C1x+&
X
’ r1 ’ , 1 , 1
Cix+C;—=0 C1+C2—2=0 C1=§
+) Gidi hé X 1 o X1 - =
X
Ci1+Cl-— =1 |-t o1 oy =_X
1 ( Xz) 10273 5 5
X
Ci=—+K
1= 5+ K
X3
Co=—-——+K
2 5 2
] 3 2
+) Nghiém tdng quat y = x(5+K1j+1(_X_+Kz): Kx + K2 X2
2 X 6 X 3
b)x2y" — xy' =3x3  (y1=x3)
c) X3(y"—y)=x?-2 (Y = —— + CieX + CpoX)
X

d (K49). 1) x2(x + 1)y" = 2y, biét nghiém riéng y1 = 1+ 1
X

(y:C1(1+1)+C2[x+1—1—X+1In(x+1)2})
X X X

2) y"tan x + y'(tan? x — 2) + 2y cot x = 0, biét nghiém riéng y; = sin x

(y = Cysinx + Cy sin? x)
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3) X2y" + 4xy' + (x2 + 2)y = e* béng cach ddi hamsé y = —
X

(y = &cosx+gsinx+ e*

x2 x2 2x2

)

e (K50. 1) xy" + 2y’ + xy = x béng cach ddihamsé y = 2
X

(yzl(C1cosx+Czsinx+x))
X

2) y"+y'tanx — ycos2 x =0, biét nghiém riéng yq = esinx
(y - C1esinx + Cze—sinx)

3) y"+3y' +2y = (y = Cie + Coe2X + (e + e2X)In(1+ eX))

eX +1
!

f(K51. 1) y" —y7+xl2 — 0 biét nghidmriéng y; = x  (y = Cix + CoxIn|x|)

2y
— +
x2 +1 x2 +1

!

2) y" = 0 biétnghiémriéng y1 = x  (y = Cix + Ca(x2 —1)

g (K53) 1) x2y" — (6x2 + 2x)y’ + (9x2 + 6x + 2)y = 4x3e3X bang cach dat u = Y
X

(y = e3%X(Cix + Cox2 + 2x3))

2) xy" +2(1- x)y' + (x — 2)y = e™X bang cach dat u = yx
X
(y = C' &+ Crex + o)
X 4x
h (K54).1) y" + y = cos x + tan x
cosx, 1+sinx

(y = K1 oS X + Ko Sin x + ~sin x - In :
2 2 1-sin x

2) y" + y =sinx + cot x (y:K1cosx+Kgsinx—£cosx—Smxln1+cosx
2 2 1—cos x

i (K56). 2
y

k (K60). CMR moi nghiém cGa y” + y = sin2016 x tudn hoan trén R

+£,—x—y:e‘y (x:ey(c1+C2y)—y—2—%e—y)
y

HAVE A GOOD UNDERSTANDING!
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PHWONG TRINH VI PHAN VA Li THUYET CHUOI
BAI 10
§3. Phwong trinh vi phan cép hai (TT)
4. Phwong trinh vi phan tuyén tinh cap hai c6 hé sé khong doi

y'+py'+qy=£f(x),p,qgeR (1)
a) Phwong trinh thuan nhat y" + py’+qy =0 (2)
Cach giai.
e Giai phwong trinh dac trwng k? + pk+qg=0 (3)
e (3) 6 hai nghiém thwc k, # k, = (2) c6 nghiém tdng quat y = C,e"" + C,e*2¥
e (3) c6 nghiém kép k; = (2) co nghiém téng quat y = e“*(C,x + C,)
* (3) 6 2 nghiém phtrc ki, =y +i = (2) c6 nghiém tbng quat

y =e”*(C,cos x + C, sin x)

Vi du 1.
a) y'"-3y'+2y =0 b) y"+4y'+4y =0 c)y"+y'+y=0
d) y"-4y'+5y =0 e) 4y"+4y'+y =0 f) y"+4y'+3y =0
Giaia) e k? -3k+2=0 < ky=1k, =2
o Nghiém tong quat y = C,e* + C,e**
b) +) k? +4k+4=0 < (k+2)° =0 < ky=ky =2 +) y =e?X(Cx +Cy)
c) +) k2+k+1:0<:>k1,2:# +)y=e 2(C1cos\fx+Czsm\f
b) Phwong trinh khéng thuan nhat y” + py’ + qy = f(x) (1)

1°/ Khi f(x) = e**P,(x),x e R

e Néu « khéng la nghiém cla (3) = nghiém riéng cla (1) c6 dang Y =e**Q,(x),
Q,(x) la da thirc bac n cia x.

e Néu ¢ la nghiém don cla (3) = nghiém riéng cta (1) c6 dang Y = xe”*Q,(x).

e Néu o la nghiém kép cta (3) = nghiém riéng cla (1) c6 dang Y = xze“XQn(x).
Vidu2. a)y"+3y'-4y=x

Gidi e k? +3k—-4=0 < k; =1k, =4 o y=ceX+ce

e a=0=Y=Ax+B,thayvaotacd 4Ax+3A-4B=x,VXx < A:—%;B:—%
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4 16
.« A R y X —4x X 3
e Nghiém tong quat y =ce” +cye 27716

3
b (K50) y"-2y'+y =2xe* (y=Ce*+C,xe* +%ex)

)y —y=e*  d) )+ =3, 9(0)=0,)(0)=6

e (K60) 1) »"'—y=4(x+1De" (y=Ce"' +Ce™ +(x* +x)e")

2) y'-2y'-8y=(5x+9)e™” (y=Ce" +C,e™ —(x+1)e™)

3) Tim nghiémcla "' —y = |x|+1,x €R sao cho dbd thj ctia né co cac tiém can
xién bén phai va bén tréi y" —2)' —8y = (5x+9)e™ (y=—e""~|x|-1)
Giai e k2 -1=0 < k==+1 o y=Ce*+Cre™*

e o =1langhiém don = Y = xe*A, do d6 A(xe* +2e*)- Axe* =e*
= A :% = Y= %Xex

e Nghiém tong quat y = C,e* +C,e™™ +gex

_ _ _ _ 1) _
d) y"+3y' —4y =xe X +e - Ce*+Ce** —Xe 4X—(£+—)ex
) y'+3y' -4y (y=¢C 2 5 5 36)¢ )

e) y' -y =2e* — x? (y =Ce* +Cre™ + xe* + x? +2)

f) y" -2y’ -3y = x(1+€¥) (y=Ce> +Cre™ +%(2 —3x)+%(2x2 — x)e¥)
2°/ Khi f(x) =P, (x)cos Bx +Q,(x)sin fx
e Néu +i3 khong la nghiém cla (3) thi nghiém riéng cla (1) c6 dang

Y =Q(x)cos fx+ R,(x)sin Bx, | =max(m, n)
e Néu +ij la nghiém cla (3) = nghiém riéng clia (1) c6 dang
Y = x[Q(x)cos Bx + R,(x)sin Bx]
Vidu3. a)y"+y=xsinx
Giaie k> +1=0 < k==i ® ¥ =C{COSX +CySinX
e +/ la nghiém cua phwong trinh dac trwung = nghiém riéng c6 dang
Y = x[(Ax + B)cos x + (Cx + D)sin x|

e Tinh Y',Y" thay vao co
[4Cx + 2(A + D)]cos x + [-4Ax + 2(C - B)]sinx = xsinx, V x
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1
4C =0 A=—7
A+D=0 B=0 X .
= = = Y =Z(sinx — xcos x)
—4A =1 Cc=0 4
c-B=0 |, 1
4

 Nghiém tong quat y = ¢;cos x + ¢, sinx + %(sin X — COS X)

b) y"+y =cosx (y:C1cosx+Czsinx+%xsinx)
c) y"-3y'+2y = xcosx
(y =Ce* +Cre?* +(0,1x —0,12)cos x — (0,3x — 0,34)sin x)
d) y"+9y =cos2x
Giai e k?+9=0 < k=+3i o y =C,cos3x +C,sin3x
e Y =Acos2x +Bsin2x o Y'=-4Acos2x —4Bsin2x

e 5Ac0os2x +5Bsin2x = cos2x < A:% vaB=0> yZ%COSZX

e Nghiém tong quat y = C,cos3x +C, sin3x+%cost
e) y"—-2y'+y =sinx +shx
2
(y =(C; + xCy)e* +%cosx+%e‘3x + x(i—i)ezx)

f) y" -4y’ — 8y = €2X + sin2x
(y = e**(C,cos2x + C,sin2x) +0,25e** +0,1cos 2x + 0,5sin2x)
g) y'+4y =2sin2x —3cos2x +1

(y = Cycos2x+C, sin2x—§(33in2x+ 20032x)+%)

h) y"+y =2xcos xcos2x
2
(y =C4cosx +C, sinx+icosx+X—sinx—£cosBx+isin3x)
4 4 8 32

i (K49) xy" +2(1—x)y' +(x—-2)y =e ¥, bang cach dat z = xy
(y =Ce* + L2 +ie‘x)
X 4x

K) y' +y =— (y = Cycos x +C,sinx — xcos x +sin xIn|sin x| )
sin x

X

e

) y'=2y'+y === (y=(Ci+Cpx)e* + xe*Inlxl)

X
m) y"+y =tanx (y = C,;cos x + C, sin x + cos xIn cot(%+%)

)
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n) y’—y =tanhx (y =Cee* +Cre™* +(e* +e ¥)arctane*)
0 (K52) x2y" —2xy'+2y =3x2%, x >0, bang cach dat x = e

(v = x2(C1 +C2Inx)+%len2 X)

Chu y. 1/ Khi f(x)=e"*[P,(x)cos Bx + P,(x)sinBx], dat y =e**z dé dua vé 2°
hoac bién luan theo a +if nhw sau :
e Néu ¢ +if khéng la nghiém cua (3) thi nghiém riéng cla (1) c6 dang
Y = e**[Q)(x)cos Bx + R;(x)sin Bx], | =max(m, n)
e Néu ¢ +if la nghiém cla (3) = nghiém riéng ctia (1) c6 dang
Y = xe®*[Q(x)cos Bx + R;(x)sin x|

2/ Vé phai la tong cac dang 1°/ va 2°/ ‘ ,
3/ f(x) bat ki dung phwong phap bién thién hang s6 Lagrange
4/ Vé phai la tbng ctia 1°/ (hodc 2°/) va bét ky.

Vi du 4.
. M . X . e*
a(K49) 1) y"+y=xe” +cosx (y:C1cosx+C23|nx+Esmx+7(x—1))

2) y"+y=sinx+e *x (y:C1cosx+C2sinx—gcosx+%e‘x(x+1))

3) y"+y:; (¥ = (=x + Ky)cos x + (In|sin x| + K, )sin x)
sin x

4) y'+y = (¥ = (K; +Inlcos x|)cos x + (K, + x)sin x)

COS X

b (K50) y"+3y' +2y= (y =(e X +e2X)In(eX +1)+ Ce™ + Cre™¥)

e* +1
¢ (51) 1) y" =6y +9y =3x—-86%  (y =(C,+Cox —4x2)e¥ + X +.2)

3 9
e ¥ 'S
2) Y +2y ry—e ¥+ (y=e* C1+C2x—x+xln|x|+7 )
X
3) y"+y=cotx (y:C1cosx+Czsinx+sianntang‘)
4) y"+y =tanx (y=C4jcosx+C,sinx—cosxIn cot(%+%)‘)

d (K52) 1) y" -3y’ + 2y = 3e2X + 2eX cosg

(y = CeX +C,e°* +3xe** + %ex(sing + Zcosg))
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2) y"-3y'+2y =e*(3—-4x)+5sin2x
(y = Ce¥ +Cre® +(2x +1)xe* + %(3coszx —sin2x))

—X

3) y”+2y’+y:4xex+e
X

(y=Ce X +Coxe™ +(x—1e* — xe ™ + xe *Inlx])

4) y" +y =3xe* —cot® x

(y:C1cosx+C2sinx+%ex(x—1)+2c:osxlntang‘)
Sx
e (K53) 1)5y"-6y'+5y =e° cosx
3 3
X 4 4\ 5 ox
=e® | C,cos—x+C,sin—x |-=e5 cosx
(y ( 1 5 25 j 9 )
3 x 4 4 ) 5 x
2) 5y"-6y'+5y=e° sinx (y=e® (C1cos§x+Czsmng—§e5 sinx)

f (K54) 1) y"+y =2cosxcos2x

(y =Cscosx +C, sinx—%cosBx+gsinx)

2) y"+9y =2sin2xcos x (y =C,cos3x+0C, sin3x—%cosBx +%sinx)

3) y"+y =cosx +tanx (y:K1cosx+Kzsinx+£sinx—Cosxln1+s!nx
2 2 1-sinx

4) y" +y =sinx +cot x (y:K1cosx+Kzsinx—£cosx—Smxln1+cosx
2 2 1-cosx

g (K56) 1) y" -4y = xe X +cos x

(Ce®* +Cre® + (g—ﬁje‘x ~ T osx )

9 3 5
2) y"+4y = xe* +sinx (Cycos2x +C, sin2x+(g—22—5Jex +%sinx )
h (K58)
X X 5 _ 1 3
1)y" -3y +2y =—+cosx(Ce*+C e2X+(———JeX+—cosx——sinx.
)y"=3y'+2y i~ (C 2 5”36 10 . )

X : x 1) _ 1 3 .
2)y"+y' -2y =—+sinx (C,e*X+C ezx+(——+—)e X - —Ccos X ——sinx
)y"+y' -2y > (C 2 5" 1 10 19 Six)

I1(K60) y"+4y'+3y =6cos2x —17sin2x (Cie>X +C, 6% +2c0s2x +sin2X.)

HAVE A GOOD UNDERSTANDING!
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PHUONG TRINH VI PHAN VA Li THUYET CHUOI

BAI 11
§3. Phwong trinh vi phan cép hai (TT)
4. Phwong trinh vi phan tuyén tinh cap hai c6 hé sé khong doi

c) Phwong trinh Euler x2y” +axy'+by =0, a,beR

Cach giai.
e Dt |x|=e' = t=In|x]
.y':ﬂ:ﬂ_ﬂzlﬂjxy':ﬂ
dx dt dx x dt dt
by Ly (i) a1 g(d_yJ dt
dx dx\ x dt x2 dt  x dt
_Ady 1dy (dzy dyj Gy _dy
X2 dt - x* dt? dt* Ta?
d2y dy dy y dy . .
e Thay vao co6 ——+a—+by=0< +(a-1 + by =0 la phwong trinh
y dtzdl‘ oY= dt()dty phuong
vi phan tuyén tinh c4p hai cé hé sé khéng dbi
Vi du 1. Giai phwong trinh vi phan
a) x? y"+2xy'—-6y =0 (1)
b) x2 "—-9xy'+21y =0 c) x2y”+xy +y =X
d) x2 4 2xy’+2y+x—2x3=0 e) y”—L+L2=g
X X X
Giai a)
e x=€l = t=Inx
,_1dy ., 1(d’ dy ,_dy o, _d’ dy
= Y = 2 - Xy =, XY= -
Ve (dtz gt ) 7 T Y T
d*y dy _dy d’y  dy
Thay vao ta co +2—-6y=0& —+—=—-6y=0 2
sy a2 at Cat gz dt @

¢ Phuwong trinh dac trung r’+r-6=0<r =2,r=-3

e (2) c6 nghiém tong quat y = c,e®’ + ce™!

_ c
e (1) c6 nghiém tdng quat y = c,e?™* + c,e "X = ¢,x? +-2
X

Vi du 2. a (K52) Giai phwong trinh vi phan x2y” —2xy'+2y = 3x%, x>0 bang cach
dst x = e (y =Cix? +Cy +3x%Inx)
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. X
b (K58) 1) 2y"+ xy'+y=x,x>0 (Cjcoslnx +C, smlnx+§ )

2) 4x2y”+2xy'+y =2x,x>0 (\4/X(C1 COS(TBInxj+C2 sin(—flnxj}+§x)
2y +1 C, 1
c (K60) y" = +Cox2 ——
( )y X2 (‘X‘ 2 2 )

§4. Hé phworng trinh vi phan
e Dt van dé
— Céc quy luat cta tw nhién khéng dién ra don I& ma gdm nhiéu qua trinh dan xen
nhau
— Hé phwong trinh vi phan tuyén tinh giai quyét nhiéu bai toan néu trén, chdng han
nhw :
1°/ Vi du 1. Xét hé hai khdi lwong va hai 16 xo nhw trong _ |
Hinh 1, v&i mot lyc tac dong tir bén ngoai £(t) b&n Phai  wesem pwwww{m] - 10
khéi lwong m, . Ta ki hiéu x(t) la ham vi tri (sang phai) cta —
khéi lwong m; tir trang thai can bang (khi hé bat dong va
can bang voi f(t) =0) va y(t) 1a vi tri cla khoi lwgng m, ti
trang thai tinh cta no.

vt
Vitei cin bing

Hinh 1. Hé khdi lwvong va

. |6 xo trong Vi du 1

mx" = —kix + ky(y — X)

myy " =—Ky(y — x)+£(t)

2°/ Vi du 2. Xét hai thung nwédc mubi dwoc ndi véi nhau

— C6O mo6 hinh toan la {

nhu trong Hinh 2. Thung 1 chira x(t) pounds mudi trong gt
100 gallon cia nwéc bién va thung 2 chva y(t) pounds I Je—_
mudi trong 200 gallon (gal = 4,54 lit & Anh va = 3,78 lit & 1—]?@, ok
M§) nuoc bién. Nugc bién trong méi thing duoc gite | || = |
nguyén boi cac voi bom va nwdc bién thing nay sang éﬁl“angmhﬁ;“T
thung khac v&i toc dd chira trén Hinh 2. Thém nira nwéc R
nguyén chat chay vao thung 1 véi tbc d6 20gal/phit va  Hinh 2. Hai thiing nwéc
nwdc mudi trong thung 2 chay ra véi tbe dd 20gal/phut bién trong Vi du 2

X' =——X+ iy
~ C6mé hinh toan 1 10 20

;L 3 3

Y =90" 20”7
3°/ Vi du 3. Xét mach dién nhw trong Hinh 3, & do6
I, (t) ki hiéu ciia dong dién chay qua cam bién L va feoeass iﬁ’_“ﬂ

3

I, (t) ki hiéu cia dong dién chay qua dién tré R,.
Dong dién chay qua dién tré¢ R, [a [ =1,—1, theo .=
hwdng da chi.

h R: I R,
50 ohms 25 ohms

1

—.'i |I

Hinh 3. Mang dién

73 trong Vi du 3
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9 | 251,251, =50

— C6 mb hinh toan la
2%—3%—5/2 =0

dt  dt

1. Dai cwong

— Dinh nghia. Hé phwong trinh vi phan chuan tdc cdp mét cé dang

Y1=H(X Y1, Y2, V)

Yo =5H(X, Y1 Yo ¥n)

(1)
Yo =F(X Y1 Y2, -2 ¥n)
— DBinh li 1. Gia s cac ham f(x,yq, Yo, ....¥,) Vva cac dao ham riéng
8—f"(x, Y1 Y2, .- Yp) liéntuctrén D R,
8yj

Cho (xg, ¥, ¥3,....,y0)e D, khi d6 3U,(x,) d& (1) c6 nghiém duy nhat thod man
cac didu kién y;(xo)=y . i=1n

Dinh nghia. Ta bdo (y4,...,¥,), & dd y; = @i(X, ¢, Cy, ..., C,) la nghiém tong quat
cuahé (1) &

e thod méan hé (1) Ve, ¢y, ...,C,

o V(xp, ¥ ,y9,..,y0) thod man dinh li 1 = 3¢, =c¢’ sao cho cac ham sb
yi=@i(x,cf,c3,....cy) thoa man didukien y;| =yP,i=1n
=20

Nghiém riéng ctia (1) nhan duoc tir nghiém tbng quat khi cho ¢;, i =1, n cac gia tri xac
dinh
2. Cach giai

(n—1))

e Phuong trinh vi phan cép n: y(”) =f(x,y,y,....¥y lubn dwa vé hé phuong

trinh vi phan chuén tac cap 1: Dat y = y,, co

Yi=Y>

Yo =Y3

Yn-1=Yn

Yn=f(X, Y. Y2, ¥n)

Ngwoc lai, hé¢ PTVP chuan tac luon dwa vé phuong trinh cap cao bang cach khi
nhirng ham sO chwa biét tir cac phwong trinh cta hé, dwoc goi la phuwong phap khty
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2

Y
'=5y +4 ' = y =" ' =
Vidut.a) ¥ =2V 7% byl VT g z a1 7°
Z =4y +5z Z=y+zZ+x .y Z=y

7 ==

2

y'=z [y=Cjcosx+C,sinx
e) :
Z'=-y |z=C,cosx—C;sinx

y' =y +52 y =e *(C;cos x + C, sinx)
){ 1

, )
Z=-(y+32z) |z= € *[(Co ~2C)cos x— (C; + 2G;)sinx]

\

f

(4

Z=y-z z=(Cx+Cy)e™**
Giai a)
e T phuwong trinh thir nhat = y" =5y’ + 42’
e Thay z' =4y + 5z vao phwong trinh 1 c6 y" =5y’ +16y + 20z

0 {y’ =-3y-z ,|y=(C;-C,—Cix)e >

e T phwong trinh 1 = z:%(y'—5y), thay vaotacd y"-10y'+9=0

o Nghiém tong quat y = c,e* + c,e”

o y' =ce* +9c,e”, thay vao phwong trinh dau ¢6 z = —c,e* + c,e”*
c)+) 77" = 272 +) z:_; +) y:Lz
Cix+GC, (Cix+Cy)
3. Hé phwong trinh vi phan tuyén tinh thuan nhat véi hé sé hang sé
Lz
=apy1tay .. tapy,
dx
%:a Vi+8oo)o +...+ 85,y
a) Pinh nghia dx 2171 2272 2n/'n (1)
d
A, =apY1tanpyot...tanpyn
L dx

=3a11y1tany:
(2)

=dyqyqtaxys

ay1
b) Cach giai. D& don gian ta xét hé ax
7]
ax
an—A  ap

e Giai phwong trinh dac trwng ; . A
21 22~

-0 (3)

e Néu (3) c6 2 nghiém thwc phan biét 4, 1, = (2) c6 nghiém tbng quat la (y4, y,) & do
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Y1 ="CY11+ CaY12; Y2 =CiY21+C2V22

& A0 yiq=p11€™ ™, Vo1 =€, V1o = P126™2, Vap = P2o€™?*, (Pi, Pox) 1a vecto
riéng rng voi gia tririeng A,, k =1,2

= 2 "=y -5z "=y -2z
y'=y+2z b) {y y . {y y

Vi du 1. Giai cac hé sau a)
Z =4y +3z Z=2y-z Z=y+3z

Giai a) Cach 1. Phwong phap kht:
o y'=y'+27' v0iz' =4y +3z va
V' =4y’ =8y =0 ( _(cex,c,ed
1, =
z=20y"-y) z=-Ce X +2Ce"
Cach 2. Phuong phap toan tr
Lix+Lyy =f(t
He |EX TRy 1(£)
L L
Ly Ly,
(D-1Hy-2z=0 d
[ ] = —
4y +(3-D)z=0’ dx
D-1 -2
4 3-D
-y"+4y'+5y =0
-Z'+47 +5z=0

1,
Z=—(y' —-y)&e
2(y y)

, 6d6 L, la cac toan ti tuyén tinh

fi(t) Lyl
fo(t) L4

L1 L2
Ly L,

X = y:

Ly ﬁ(t)‘
Ly 1(t)

eTaco

‘:(D—1)(3—D)+8=—D2+4D+5

OHéc>{

e Phwong trinh déc trung —k? + 4k +5=0 < ky=-1 k, =5

eTaco y=ce X +c,°%; z=cse ¥ +c,e°"
e Thay y, z vao phwong trinh 1 ta co
X M)

O=—y' +y+2z=ce X —c,.56°% + cie ™ + %" +2(cze ™ +c4e

= (2¢;+2¢3)e " +(—4cy + 204 )0 "%, V X

201 + 203 == 0 C3 = —C1
= =
—4C2 + 2C4 = 0 C4 = 2C2

o Nghiém tong quat (y, z), & do y = ce ™ +c,6°%; z = —c,e % + 2c,e°*
1-1 2

Cach 3. e . ,1‘:0(: A2-42-5=0 & A =51, =1
1-5 +2 =0

. 1y=5: {( )P11 + 221 4Py, —2py; =0
4pyq+(3-9)py1 =0

Chon py1=1,py1 =2
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4pyp —(3=(=1))py, =0
Chon pyp =1, pyy = -1

< 2Py +2py =0

e Hé nghiém co ban la y, = e ; z, = 2e°%: yo=e%; z,=—e*%

o Nghiém tong quét: (y; z), & do y = ce™* +c,e ;2= 2¢,°* —cre ™™
Vi du 2 (K53)
X _ox+y t 5t t 1~ st
dt x=Ce' +Cye x=-Ce' +=C,e
a) gt { 1 t 2 5; hoac ™32
L%:3X+4y y =-Ce +3Ce y:C1et +Cze5t
X
—=Xx-3y At : _ At -
b) dt ( x =e (Cycos3t+C,sin3t) hoic y =e (Cycos3t+C, sm3t))
L%:BXW y =e!(Cysin3t-C,cos3t)  |x=e!(C,sin3t—-C,cos3t)

Chu y. Phuong phap toan t&r gidi dwoc hé phuong trinh tuyén tinh khong thuan
nhat v&i hé s6 hang so

HAVE A GOOD UNDERSTANDING!
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PHUONG TRINH VI PHAN VA LI THUYET CHUOI

BAI 12
CHUONG 3. PHUONG PHAP TOAN TU’ LAPLACE
§1. Phép bien doi Laplace va phép bién doi ngwoc
e Phép bién dbi Laplace
e Tinh chat cta phép bién dbi Laplace
e Phép bién dbi Laplace ngwoc
1. Dat van dé
e Thuorng gép trong thuc té cac phuong trinh vi phan
mx"+cx'+kx=F(t); LI"+RI'+ %I =E'(t)
twong (rng véi hé théng gidm séc va ,chu6i mach RLC, F(t) va E'(t) ndi chung la gién
doan, khi d6 phuong phap nhw da biét kha bat tién. Co6 hay khéng phwong phap tién loi
hon?
e Phép bién dbi Laplace: L {f(t)}(s)=F(s) bién phwong trinh vi phan v&i an ham
f(t) thanh mdt phuong trinh dai sO v&i an ham F(s) - c6 1o gidi dwoc tim ra dé
hon nhiéu. Chang han nhw déi v&i phwong trinh vi phan cap cao
y' ™ ray" Ve .y vay=Ff(x),
véi diéu kién ban dau nhan dwoc cong thire nghiém tuwdng minh biéu dién qua tich chap
Laplace.
e Giadi mét I&p phwong trinh vi phan cdp cao v&i hé sé ham sb (diéu nay khéng thé
lam duoc véi cac phwong phap da biét), chang han xy” —(4x+1)y' +2(2x+10)y =0
e Giai hé phwong trinh vi phan tuyén tinh cap cao

(n) Zam}’k +£(x)

ylm Za Wi+ (x)

e Giadi mét I&p hé phwong trinh vi phan tuyen tinh cap cao v&i hé sé ham sb.
2. Phép bién d6i Laplace

e Dinh nghia: F(s) =L {f(¢)}(s) = je—sff(t)dt, &do s, f(t)eR

e Nhan xét. Phép bién dbi Laplace xac dinh véi s, f(t) e C. Nhwng trong chuong
nay ta chi can str dung s, f(t) e R
Vidu1.Tinh L {1}(s)
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o= J.e‘Stdt :{—19‘3"} = lim {—19“’3 +1}:1, s>0
e Khéng toén tai L {1} (s) khi s <0.

Vidu2. f(t)=e, t>0.Tinh L (%), acR.

b
o o (s—a)t
oL (e }(s)zje‘steatdt: j e~ (s-algt = lim (—e ]
b—)OO S —a 0
0 0
= lim L(1—6‘(3“"')") _ . néu s>a
b—>xwS—a S—a

e Phan ki khi s <3
Vidu3.Cho f(t)=t% a>-1.Tinh L {f()} vaL {t"},neN

oL {ta}(s)zje‘sttadt.
0

° ‘Dét u=st = t:ﬂ’ dt:% co L {ta}: 1 Ie—uuadu:r(a+1)
S S Sa+10 gat1
(2.1)
n . n!
oL {t }_W, s>0

3. Tinh chéat cta phép bién déi Laplace
Dinh ly 1. Tinh tuyén tinh cta phép bién déi Laplace

Cho a, 8 lahdngséva 3 L {f(t)j(s) va L {g(t)}(s), khido
L {af () +Bg(®)}(s)=aL {f()}(s)+ AL {g(t)(s), Vs

Chirng minh.  +) L {af + Bg}(s) = Ie‘St(af(t)+ﬂg(t))dt
0

b
+) = blim J.e‘St(af(t)+ Bg(t))dt
b b
+) =bli_r)noo_(‘).e_3taf(t)dt+bli_r)noo e~ g (t)at
+) = aIe_Stf(t)dt + ,BI e Slg(t)at
0 0

+) =aL {f}+BL {g}.
3
Vidu4. Tinh L {3t2+4t2}
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e Taco F(%) =
() 34(l)-3

cr(3)=r(3e)=3r(3)

r

lat2 1 at2) )
o L 13t2+4t2)=3L {2} +4L t2
St dung (2.1) ta c6

3
2

|
-L{tz}zr(f)z%, >0
S S
5
Bt
St \2) 3dz
e
S2 4.82
5
3 >
5 2! (2) 6 T
oL {3t2+4t21 =32 14 :—+3/—
{ } S3 g S3 S5

S
Vidu 5. Tinh L {coshkt}, L {sinhkt}, L {coskt}, L {sinkt}

e L {coshkt}=L {ﬂ} :%(L lef) 4L {e‘kt})

e Theovidu2c6 L {coshkti= [ + T - S s k-0
2\s—k s+k) g%_K?

e Tuong tu L {sinhkt}zszz, s>k>0
S —

—st - s

(ksinkt — scoskt) >
o S°+k

oL {coskt}(s)zj.e‘Stcosktdtz >
5 S“+k

ikt —ikt
(hoacL {coskt} =L {&}:1 1' + 1' = S , $>0)
2 2\s—ik s+ik) s%+K?

k
e Twong tw L {sinktj=———~, s>0
s% + k?
Vi du 6. Tinh L {3e? +2sin? 3t}
. L {3e? +2sin?3t) =L {3e% +1-cos6t

. —3L {2} +L {1 —L {cos6t}
3 1 S

[ = — —_—
s-2 s s°+36
_ 35° +1445-72

 s(s—2)(s? +36)
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4. Phép bien doi Laplace nguwoc

Pinh nghia. Néu F(s)=L {f(t)}(s) thi ta goi f(t) la bién dbi Laplace ngwoc cla
F(s) vaviét f(t) =L "{F(s)}

Vidu 7 a. L‘1{%}:coskt, s>0; b.L‘1{ﬁ}:coshkt, s>k>0
s“+k s -k
f(t) F(s)
1 1 (s>0)
s
t u (s>0)
2
n!
t" (n>0) i (s>0)
r'(a+1) [ st -t
s>0), r(s)=|t5"eadt
t? (a>-1) 7" (s>0) !
(Res>0)
1
at —_— s>a
e P ( )
cos kt S (s>0)
s? + k?
sinkt K (s>0)
i
s? + k?
coshkt 28 5 (s> k)
s —k
sinh kt 2k 5 (s> k)
s —k
e—as
u(t-a) S (s>0),a>0
Bang 4. 1. 2. Bang cac phép bién dbi Laplace
c. L {i}:4.e5t
s-5
4 5¢ 5¢ 1] 4 5¢
+) =4L {e } +) =L 14€%} +) =L {——1=4e
s-5 §-9
d L—1{34}:1t3
S 3
2 2 3 1 3 {1 3} _1{2} 1,3
L2 2 +) =L |-t f =L Ll
)34 3s* 3 { ) 3 ) s*
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Nhan xét. Phép bién doi ngwoc Laplace co tinh chat tuyén tinh.
That vay, ta co

+) aF + fG=al {f} + BL {g}zL {af+,Bg}

+) =L {aL "HF}+ oL G}

+) Tir d6 va tr dinh nghiia ¢6 L ~'{aF + G} =aL " {F} + gL "{G}.

Dinh nghia. Ham s f(t) dwgc goi la lién tuc tieng khac trén [a; b]néu nhuw

o f(t) lién tuc trén mbi khoang nho (& dé [a; b] dwgc chia thanh hiru han khoang
nho)
e f(t) c6 gidi han hivu han khi t tién t&i hai diém bién ctia méi doan nay.

Hinh 4.1.3. B6 thj cia ham lién tuc tng khac.
Céac diu cham chira céac gia tri ma ham sbé gian doan

©, 1) | uo

I )
Hinh 4.1.4. B thj ciia ham don vi bac thang

0 t<a
Vidu 8. Tinh L {u, (1)}, a>0, ua(t):u(t—a):{ -
1 t>a.
T st T st - e i
oL {ua(t)}:Je ua(t)dtzje dt:blinoo(— S Jt_a
0 a -
o =—. lim (g2 -g~)
S bow
—as
o = © , §>0,a>0
S

Dinh nghia. Ham f dwoc goi 1a bac mi khi t — +o0 néu tdn tai cac hang s khong
am M, ¢, T sao cho [f(t)|<Me vit>T

DPinh ly 2. Sw ton tai ctiia phép bién déi Laplace

Néu ham f lién tuc tyng khuc véi t>0 va la bac md khi t — +oo thi ton tai
L {f(t)}(s), Vs>c.
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Chtpng minh. +) Tt gia thiét f 1a bac mi khi t — o = [f(t)|< Me®, vVt >0

b b b b
+)Ta co j le=StF (¢)|dt = j e~StF(t)|dt < j et MeSldt =M j e~ (s=Mgt < % s>c.
0 0

+) Cho b —> +o0 ¢6 |F(s)| < j le~Stf ()|t <
T do, khi cho s — +o0, ta co
Hé qua. Néu f(t) thda man gia thiét cta Binh ly 2 thi lim F(s)

S—>+0

0
Chu y.
e M&t ham hiru ti (bac t&r nhé hon bac mau) la anh cda phép bién dbi Laplace

e Dinh i 2 khéng 1a diéu kién can, vi du:
Ham f(t):% khong lién tuc tirng khuc tai t =0 va la bac ma khi t — +oo, nhwng &

vidu 3 co

Al g

Dinh ly 3. Sw duy nhét cta bién déi Laplace nghich dao

Gia st rang cac ham f(t),g(t) théa man gia thiét cta Binh ly 2 dé& tdn tai
F(s)=L {f(t)}(s), G(s)=L {g(t)}(s). Néu F(s)=G(s), Vs>c thico f(t)=g(t)
tai t ma ca hai ham lién tuc.

Vi du 9. Dung béang tinh bién dbi Laplace clia cac ham sé sau

a) f(t):coszt b) f(t) = sin2tcos 3t c) f(t):c;osh2 3t
d) f(t)=(2+1)? e) f(t) =te' f) f(t) =t + 26
Vi du 10. Dung bang tinh bién déi Laplace ngwoc ciia cac ham s sau
2 2 4-2s
F(s b) F(s)=—— c) F(s)=
a) Fs)=5 e ()=,
5s -2 -1_-5s
d) F(s)= 5 e) F(s)=3s" e
9-s
f (K60) F(s)= 31 (f(t)=1-cost)
s’+s

Chuy
e Hai ham lién tuc tirng khuc, la bac mi va bang nhau qua phep bién dbi Laplace chi

c6 thé khac nhau tai nhirng diém gian doan c6 lap. Diéu nay khdng quan trong trong
hau hét cac &ng dung thuec té.

e Phép bién dbi Laplace c6 mét lich sir kha tha vi: Xuét hién dau tién trong nghién
ctru cua Euler, mang tén nha toan hoc Phap Laplace (1749-1827) - nguwdi da dung
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tich phan trong ly thuyét xac xuat ciia minh, nhwng viéc van dung phwong phap
bién dbi Laplace dé gidi phwong trinh vi phan lai khédng thudc vé Laplace ma thudc
vé ki sw ngwdi Anh Oliver Heaviside (1850-1925).

HAVE A GOOD UNDERSTANDING!'!
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PHWONG TRINH VI PHAN VA Li THUYET CHUOI
BAI 13
§2. Phép bién déi cua bai toan véi gia tri ban dau
e Phép bién dbi ctia dao ham
e Nghiém cua bai toan gia tri ban dau
e Hé phwong trinh vi phan tuyén tinh
e Nhirng ki thuat bién dbi bd sung
1. Dat van dé
« \Van dung phép bién dbi Laplace dé giai phwong trinh vi phan tuyén tinh véi hé s hang
ax"(t)+ bx'(t)+cx(t) = f(t)

vGi diéu kién x(0) = xp, x'(0) = x;
e So sanh v¢i cac phwong phap giai da hoc
e Giai hé phuo’rlg trinh vi phan tuyén tinh
2. Phép bien doi cua dao ham
Dinh ly 1. Cho f(t) lién tuc va tron tirng khic voi t >0 va la bac ma khi t — + o
(ttrc tOn tai hang s6 khéng &m ¢, M va T thoa man:
F(t) < Me®, t>T (2.1)
Khido tdntai L {f'(t)} v&i s>cvaco L {f () =sL {f(t)f —f(0)=sF(s)-f(0)

Chirng minh. +) L {f'(s)} = j e St (t) dit = j e Staif (t)
0 0

+) = e‘S"f(t)‘;;O + sIe‘Stf(t)dt
0
Do |f(t)| < Me® t >T = e SIf (1) —22 50 khi s > ¢

+) Te Dinh 1i 2 (bai 1) = Ie—stf(t)dt hoi tu v&i s > ¢
0

+) T dé taco L {f'}(s)=sL {fi(s)-f(0)

Dinh nghia. Ham f dwoc goi la tron tirng khic trén [a; b] < no khd vitrén [a; b]
trir ra hru han diém va f'(t) lién tuc tieng khuc trén [a; b]

3. Nghiém cua bai toan gia tri ban dau

Hé qua. Phép bien doi cua dao ham bac cao

Gia st rang cac ham sb f, ', .-, £V Jién tuc va tron tirng khic véi t >0 va la bac
ma khi t — +o0. Khi d6 tdn tai L {F ()} véi s > ¢ va co

L {F™ (6 =s"L {F()} —s"F(0) = s" 27 (0) —-.-— "V (0)
=s"F(s)-s"F(0) - s"%(0) - -~ " (0)
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Vi du 1. St dung Binh i 1, chirng minh rang

a) L {t"e®} = T2
Chirng minh bang qui nap
+) n = 11 f(t)=te®"=F(t)=ate® + e =sF(s)-f(0)=aF(s)+
1
=F(s)= 5
(s—-a)
|
¥yn=k L {tkedt) =K _
+1
(s—a)
oL {tk”eat}:k—HL {heat) k+1 K' (k+1!
sS—a S_a-(s_alﬂ-']) (S_a)k+2
: 2sk
b) L {tsinhkt} = ——
s% — k?

+) f(t) = t.sinhkt = f(0) = 0 va co
+) f(t) = sinhkt + kt coshkt, f(0) =0
f'(t) = 2kcoshkt + k*t sinhkt

+) L {2k coshkt + k%tsinkt} = s2L {f(t)} —sf(0) —'(0)

+) Zk% +k2F(s)=s?F(s), @ d6 F(s)=L {tsinhkt}
(s -k )
(s2 —k2)
Phuomg tn:n.h Mghigm (xt) cla
w1 prhdn dol ol phuong trivh s+
Hth phén

Phugng trinh Mghigrn Z(s)
dal g8 d51 il (a1 dad sé ciia phiamg
Z(z) trinh dai 2

Hinh 4. 2. 4. S dung bién doi Laplace dé gidi mot phuong trinh vi phan
thda man diéu kién ban dau.
Vi du 2. Giai phwong trinh
a) x"—x'—6x=0 voi diéu kién x(0) =2, x'(0) = -1
eTaco: L {x(t)}=sX(s)-2
oL {x"()} =s°X(x)—sx(0)-x'(0) =s?°X(s)-2s+1
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e Thay vao phuong trinh da cho cé
(s2X(s)-25+1)-(sX(s)=2)-6X(s)=0 < (s2-s-6)X(s)-25+3=0
2s-3 25s-3 3 1 7 1

° X(S): 5 = =—. + —. .
s“—-s-6 (s—-3)(s+2) 5s-3 5s+2

eDoL ™’ {L}:eat nén cd x(t):§e3t P
s—a 5 5

la nghiém cla bai toan gia tri ban dau.
Vi du 3. Giai bai toan gia tri ban dau
a) x"+4x=sin3t, x(0)=x(0)=0
Bai toan nay gan lién véi qua trinh chuyén ddng ctia mét hé vat — 16 xo véi tac dong
cua lyc bén ngoai)
| k=4 flr)y=sin 3t

M= | f—

x(t)
Hinh 4. 2. 2. Hé vat — |5 xo thda man bai toan diéu kién dau trong Vi du 2.
Diéu kién dau cla vat la vj tri can bang cua no.
o Tt diéu kién ban ddu co: L {x" (1)} = s2X(s)—sx(0) - x'(0) =s° X (s)

3
e Tlrbadng 4.1.2 c6 L {sin3t} = .
s? +32
3

e Thay vao taco s°X(s)+4X(s)=—
s“+9

B 3 _As+B Cs+D
=72 2 =73 T
(s°+9)(s“+4) (s°+4) (s°+9)

e Péng nhattaco A=C =0, B:%, D:—%,dodé

< X(s)

X2 2 1 2

10'32+4_§'32+9

e Do L {sin2t} = 2.4 L {sin3t} = 7.9 nén ta co x(t):%sinZt—%sinBt.
b) x"+9x=0,x(0)=3,x'(0)=4 (x(t):30033t+%sin3t)

c) x"+8x' +15x=0,x(0)=2,x'(0) = -3 (x(t) =%(7e—3f ~3¢7%))

d) x"+4x =cost, x(0)=0, x'(0) =0 (x(t) =%(cost—cosZt))

e) x"+9x=1 x(0)=0,x'(0)=0 (x(t):%(1—0033t))
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Nhan xét. Nhw vay phwrong phap bién doi Laplace cho 10i giai tryc tiép tim nghiém
cua bai toan gia tri ban dau ma khong can phan biét dé la phwong trinh vi phan
thuan nhat hay la khong thuan nhat.
4. Hé phwong trinh vi phan tuyén tinh
e Phép bién ddi Laplace c6 kha nang bién d6i hé phuong trinh vi phan tuyén tinh
thanh mot hé phuwong trinh dai so tuyén tinh
2x"=-6x+ 2y,

Vi du 4. a) Gidi hé phuong trinh vi phan tuyén tinh _
y"=2x-2y +40sin3t

véi diéu kién ban dau x(0) = x'(0)=y(0)=y'(0)=0

o Day la bai toan gia tri ban diu xac dinh ham dich chuyén x(t) va y(t) cta hé hai

vat thé dwoc chi ra trong Hinh 4.2.5, gia st rang lwc f(t) = 40sin3t la tac dong bat

ngo téi vat thé thiv hai tai thoi diém t = 0 khi ca hai vat thé dang & trang thai tinh tai

vi tri can bang cta chung.

ftey=40sin 3¢

———

X 1
Hinh 4. 2. 5. Hé vat thé thda man diéu kién dau trong Vi du 3.
Ca hai vat thé dang & vi tri can bang.
o TUr didu kién ban d&u co L {x"(t)} = s°X(s) —sx(0) - x'(0) = s°X(s)
e Twong tw L {y"(t)} =s%Y (s)

e Do L {sin3t} = , thay vao hé phwong trinh c6 hé phwong trinh sau:

2

s°+9
252X (s)=-6X(s)+2Y(s) (s +3)X(s)-Y(s)=0
s?Y(s)=2X(s)-2Y(s)+ 1220 —2X(8)+(s? +2)Y(s) = 1220
s°+9 s°+9
2
—1
R ~ (s +1)(s% +4)
2 (s%+2)
0 1 2
A =| 120 120 AZZS 3 120 _120(s?+3)
5 s°+2| §2+9’ ~2 > s?+9
s°+9 s“+9
e Do d6 X(s)= 120 5 8 3

(32+4)(32+9)(32+1) s?+1 s°+4 s%+9
e Do d6 x(t)=5sint —4sin2t + sin3t
120(s? + 3) 10 8 18
2 2 N
(s°+4)(s“+9)(s“+1) (s°+1) s°+4 s°+9
enéncod y(t)=10sint+4sin2t-6sin3t

e Twongtwcd Y(s)=
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Hinh 4. 2. 6. Cac ham dinh vi x(t) va y(t) trong Vi du 3 a).
b) {x’+2y'+x—0, x(0)=0
X'-y'+y=0, y(0)=1
Tac dong toan tir Laplace, sir dung diéu kién ban dau co
sX(s)+2[sY(s)-1]+ X(s)=0 (s+1)X(s)+2sY(s)=2
{ sX(s)-[sY(s)=1]+Y(s)=0 = {SX(S)+(1—S)Y(S) =—1
Giai hé 2 phwong trinh tuyén tinh cép 1 ta cé
2 2 1/3 2 { t }

+) X(s)=- == sinh——

3P -1 B2 (1737 3 3
y(s)o 38+1 _s+1/3 _ s 1 1//3

= = +—.
3s7-1 s°-1/3 g2 (1,37 3 s2_(1,3)
t

=L {cosh%}+%L {sinhﬁ}
1 t

+)x(t):—isinhi, y(t) = cosh L1 sinh

V3B V3 V3B

{x'— X +2y
C)

y'=x+et, x(0)=0=y(0)
(x(t) =§(e2t —et-3te!), y(t) Z%(e” _eti6tet))

g X"+2x+4y =0,x(0)=y(0)=0
y'+x+2y =0, x(0)=y'(0)=-1

(x(t) = %(Zt —3sin2t), y(t) = —%(Zt +3sin2t))

x'+3y'+x=0, x(0)=0

e (K55) 1°/
(K55) {x’—y'+y—0, y(0)=2

.t t .t
t)=-3sinh—, t) =2cosh—+sinh—
(x(t) | 5 y(t) 2+ | 2)
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0o/ x'-3y'+x=0, x(0)=0
X-y'+y=0y(0)=-2

(x(t) = 3\/—sm2, y(t)= Zcos\/_+\/—sm\/§

X'==3x+y x(0)=x'(0) = y(0) = y'(0) =0

y" = 2x—2y+\/§sin(t\/§)’
2) {x” =-2X+2y + \/§sin(t\/§)

y"=x-3y

f (K56) 1) {

x(0)=x'(0)=y(0)=y'(0)=0

1 . .
X”:—3X+y, X(O):O:X,(O) X(t):€(23|nt—3|n2t)

K58 ;
9 ){Y" =2x -2y, y(0)=0,y'(0)="1

y(t)= %(sinZt + 4 sint)

5. Nhirng ky thuat bién déi bé sung

Vi du 5. Chirng minh rang L {te?} = L >
(s—a)

o Dat f(t) =te? thico f(0)=0, f'(t) = e +ate?. Do d6 c6
L {e® +ate®} =L {f(t)} =sL {f(t)} =sL {te™}
e Do phép bién dbi tuyén tinh nén co: L { thyal {te?} =sL {te?)

L le™} 1 (Do L fetl=—1)
S—a (S_a) S—a

Vidu 6. Tim L {tsinkt}
Pat f(t)=tsinkt thico f(0)=0, f'(t) =sinkt + ktcoskt, f'(0)=0

o f"(t) = 2k cos kt — k°t sinkt

e Mat khac L {f"(t)} =s?L {f(t)}, L {coskt} =
2ks

32 + k2

e Do do L {tsinkt} =

eDodd L {te?} =

nén co

s% + k?
— KL {tsinkt} =s°L {tsinkt}
2ks
(8% + k?)?
Dinh li 2. Phép bién d6i cta tich phan
Néu f(t) lién tuc tryng khic véi t >0 va la bac mi khi t — +o thi

{jf(f } L {f(t)} = iS) Véi s> ¢
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F t t
hay la: L —1{ﬂ}=jf(r)dr :IL HFHr)dr
S
0 0
Chirng minh. +) f lién tuc tirng khic = g (t) = J.f(r)df lién tuc, tron tirng khuac voi

t t M M
t>0 vaco |g(t) < I|f(r)|dr < MIeCTdr - E(e“ 1)< EeCt

= ¢g(t) 1a ham bac mi khi t — o
+) St dung dinhli1tacd L {f(t)j =L {g'(t)} =sL {g(t)}-g(0)

t
+)Do g(0)=0 néntaco L {J.f(f)df}—L {g(t)}sz ()}
0

__1
sz(s—a)

1
t
eTacoL 1 || -1{M}—IL —1{L}d1:jeafdr=1(eat—1)
s(s—a) S ] s—a ] a

1
e Tir d6 va tidp tucce L1 — =L 1{3(3 a)} { }dl’
s ) s(s-a)

Vi du 6. Tim nghich ddo cta phép bién dbi Laplace clia G(s) =

(s—a
1 1(1 ‘o
= J.—(eaf ~1)dr = {—(—e"’” _Tﬂ = —z(eat —at -1).
. @ ala a

HAVE A GOOD UNDERSTANDING!

o'-—.-ﬂ-
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PHUONG TRINH VI PHAN VA Li THUYET CHUOI

BAI 14
§3. Phép tinh tién va phan thirc don gian
e Quy tac phan thirc don gidn e S cOng hudng va nhan tir tich [ap bac hai
1. M& dau. , o o
Phwong trinh vi phan tuyén tinh v&i hé s6 hang cé nghiém la bién doi Laplace
nghich dao ctia ham hiru ti R(s) = PAs)
Q(s)
Cén dwa ra ki thuat cho phép tinh L "' {R(s)! duoc thuan loi.
2. quy tac phan thirc don gian
a) Quy tac 1. Phan thirc don gian tuyén tinh
Néu Q(s) co (s—a)" thi R(s) co cac sb hang sau
A + A >+t Ay —, A eR, i=1n
§-a8 (s-a) (s—a)
b) Quy tac 2. Phan thirc don gian bac hai
, n
Néu Q(s) co ((3—3)2 +b2) thi R(s) co dang

As + B, As+ B, A,s +B,
> b2 + ) , 5 +...+ ) , -
(s—a)"+ [(s—a) +b } [(s—a) +b }
&dé A, B.eR, i=1n
Dinh li 1. Bién déi trén truc s
Néu F(s)=L {f(t)} tn tai v6i s >c, thi tn tai L {eaff(t)} véi s>a+c vach
L {eatf(t)} —F(s—a)=L {f(t)}(s—-a).

Hay twong duong véi L ' {F(s—a)l = e®f(t)= &L " {F(s)} (1)
Chirng minh. Ta cé

o0

F(s-a)= J.e‘(s_a)tf(t)dt = J.e‘St L& (t)]dt =L {e?f(t)}, s—a>c
0

0
Tw két qua nay va tir bang 4.1.2 ¢c6
f(t) F(s)
n!
eattn m, S>a (21)
S—a
e? cos(kt) (s —a)2 k2 S>a (2.2)
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k
at .; , S>a 23
e? sin(kt) (s—a)2 12 (2.3)
Vi du 1. Tim phép bién dbi Laplace nguoc cla
2
S“ +1
a) R(s) =
s®-2s?-8s
2
« R(s)= s +1 A B C

s(s+2)(s—4) s s+2 s 4
o 32+1=A(s+2)(3—4)+Bs(s—4)+Cs(s+2).

eThay s=0,s=-2,vas=4taco

8A=1,12B=5, 24C=17 = A:—%; B->, c-1"

12 24

.R(S)=—1.1+£. L +1—7L

8s 12 s+2 24 s-4

oL ‘1{R(s)} :—1+£e‘2t +1—764t.
8 12 24

b (K54) 1) F(s) =

1 ) )
f(t) = —(2cost —sint —2cos2t + 2sin2t)
s +5s2 +4 (F (1) 3( )

2) F(s) = s? - 2s (f(t) = (—2cost — sint + V2 cos 2t + +/2 sin~/2t))
s* +3s2+2

_ S _ -3t _ 3 3t g
c (K60) 1) F(s) = 513714 (f(t) = e3t cos 2t 5 © sin 2t)
. 1 2 2
2) Tinh L{(et + t)2}(s) (5t o1 $>2)

( 1 [ 1 .S -3
J2 (=32 +1 (s-3)2
Vi du 2. Giai bai toan gia tri ban dau y"+4y' +4y = t2; y(0)=y'(0)=0.

3) Tinh L {e3t sin(t + %)} (s) ], s>3)
+1

e Tac dong phép bién ddi Laplace ta cd s2Y(s)+4sY(s)+4Y(s)= %
S
2 A B C D E
YES)=m o= sttt 5+
s°(s+2) s° s S (s+2) S+2
13 1 3
o Ddng nhét cac hé sb ta co Y(s):%_%+§_ 4____8
s s° S (s+2) S+2
o yty=t2 14 3 Tye2t Soat
4 2 8 4 8
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. PR < s . 1 e i
Vi du 3. Xét mét hé con lac 16 xo v&i m =2 k=17, ¢ =3 don vi (mét, kilbgam,

gidy). x(t) 1a khodng dich chuyén cta khéi lwgng m tir vi tri can bang cta né. Néu
khéi lwong dwoc dat & vi tri x(0)=3, x'(0)=1. Tim x(¢) la ham cla dao déng tw do
tat dan.

1

PANCOANYOIP0ANY m = 2

—

xir)

Hinh 4.3.1. Hé khéi lwong-1o xo va vat can cua Vi du 1
e Ta c6 phuwong trinh vi phan twong rng v&i bai toan la: %x” +3x"+17x =0
v&i diéu kién ban dau x(0)=3; x'(0)=1
e Tac dong phép bién doi Laplace vao haivé, chiy L {0} =0 taco
[sZX(s)— 3s - 1} +6[sX(s)-3]+34X(s)=0

. X(s)= 233+19 _3 s+23 Lo 52

$°+6s+34 (s+3)"+25 (s+3)"+25
e St dung (2.2), (2.3) ¢ x(t)=e ' (3cos5t + 2sin5t)

3L
2L
1k

L —t
£ I
4 2

Hinh 4.3.2. Ham vi tri x(t) trong Vi du 1.
T hinh ta thay db thj ctia dao déng tat dan.
Vi du 4. a) Xét hé con I&c 16 xo - gidm xéc nhw trong Vi du 3, tuy nhién voi diéu kién
x(0) = x'(0) =0 va v&i mét lwc tac déng bén ngoai F(t) =15sin2t. Tim chuyén déng
tire thei va 6n dinh cla khdi lwong do.
e Ta can giai bai toan v&i gia trj ban dau

x"+6x'+34x =30sin2t; x(0)=x'(0)=0.

e Tac dong phép bién dbi Laplace vao ta c6 s2X(s)+6sX(s)+34X(s)= 2604
s°+
60 As+B Cs+D
° X(S) :( 2 2 = 2 + > ;
s +4)[(s+3) +25} s°+4 (s+3)°+25
e Pdng nhét ta co A:—E, B:@, c=p=22 v vay,
29 29 29
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1| -10s+50 10s +10 11 -10s+25.2 10(s+3)—4.5
OX(S):— > + > =— 5 + 5 _
29| s°+4  (s+3)°+25) 29 s°+4 (s+3)"+25

e Do d6 x(t)= %(—ZCOSZZ‘ +5sin2t) +%e‘3t (5cos5t —2sin5t).

b) x4 x"—6x' =0, x(0)=0, x'(0) = x"(0) =1
) [s3X(s)-s—1]+[s2X (s)-1]-65X(s) =0

S+2 1 5 1 6
) X(s) s31s?2_Bs 15( S S+3 s—Z)
1

_ T (_ B -3t 20V 1 (pa2t -3t
+)—15( 5L {1} —L {e3} +6L le })—L{15(6e e 5)}

1 2t -3t
+ t)=—\6e" - -5
) x(t) 15( )
c) xX"-6x'+8x=2,x(0)=0=x'(0) (x(t)=%(1—262t +e*t)
d) x"+4x' +8x=e!, x(0)=x'(0)=0 (x(t)=%[26_t—G_Zt(ZCOSZt+Si02t)])

e) x* —x=0,x(0)=1x(0) = x"(0) = xX¥ (0) = 0 (x(¢) =%<cosht+cost>>
f) x4 +13x"+36x =0, x(0)=x"(0)=0,x'(0) =2 x®(0)=-13
(x(t):%sin2t+%sin3t)
g) x¥ +2x"+ x = 6%, x(0) = x(0) = x"(0) = x'¥(0) = 0
(x(¢) =%[2e2f +(10t —2)cost — (5t +14)sint |)
h) x"+6x"+18x =cos?2t, x(0) =1, x'(0) = -1

(x(t) = 1 63(489c0s3t + 307sin3t) + —— (7 cos 2t + Bsin2t) )
510 170

1 (K54) 1) x® 4 x"—12x" =0, x(0) =0, x'(0) = x"(0) =1 (x(£) = —%+%e3t —%e*”)

2) x® 1 x'20% = 0,x(0) =0, x(0) = x"(0) =1 (x(t)=——=+ Lo __Lgbt)

k (K55) 1/ xX¥) —3x"—4x =0, x(0)=x'(0)=x"(0) =0, x"(0)="1

(—1sint i g2t 1 gt )

5 20 20
2/ % —8x"-9x =0, x(0)=x(0)=x"(0)=0, x"(0)=1

(—isint+ie3t —ie‘3t)
10 60 60
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| (K56)
19/x'® + 4x'® _ x" —4x =sinh2t, x*(0)=0,k=0,5 oo
sinh2t —sin2t sinht —sint
( 20 15 j

20/ x'® _4x4) _x", 4x =sin 2t, x(0) = 0,k=0,5, Sinh2f—sin2t _ sinhf—sint
20 15
m (K58) x'¥ +4x=0 x(0)=0=x'(0) = x"(0), x"(0) = 1. (%sintsinth)

n (K60)
1T o0 1 4 1,4 1

(3) " ! 2t ! " t
) X x"—x'+x=e" x(0)=0=x'(0) = x"(0) (—e 1 e e e)

2) x* +8x"-9x =0 x(0)=0=x'(0),x'(0) = x¥(0)=1

(iet _i0033t—isin3t)

10 10 30

3) x'® 1 5x"+28x ~34x =0 x(0)=0=x'(0),x"(0)=1
(Lot~ e 3toosst -+ o3 sinst)

417 41 205

3. Sw cong hweng va nhan tw tich 1ap bac hai
Hay dung hai phép bién dbi Laplace ngwoc clia ham phan thirc don gian trong truong
hop phan tich 1ap bac hai (hhan duwgc khi str dung ky thuat nhw & Vi du 5, Bai 13)

LS Lo T ginge: L 1 _ ]

(s2+k2)| 2K (s2k2) | 27

Vi du 5. S&r dung phép bién dbi Laplace dé giai bai toan v&i gia tri ban dau

(sinkt — kt cos kt)

X"+ wax = Fysinwt ; x(0)=0= x'(0)
Foc()

82+602

o Tac dong phép bién ddi Laplace vao cé s%X(s)+ w3 X(s)=

2

(s +w2)(32 +w§) C0? -yl

[21 5 - 21 ],co;twojtimdu’o’c x(t)
S +CO0 ST tw

Fowo

2

5, khido x(t) = fo (sinwgt — gt cos ayt)
(32+CO0)

e Néu o =wy tacod X(s)= .
@

41
+C(1)

\ xir)

.21_: 4am

t

=Ci1)
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Hinh 4.3.4. Nghiém céng hwéng trong (18) voi ay =% va Fy =1,

cung voi dwdng bao cia né x =+C(t)

Vi du 6. Giai bai toan véi gia tri ban dau

yW 12y y = atel; y(0)=y'(0)=y"(0)=y¥(0)=0.

«CoL {y'() =s(o), L [y 0] =s*Y(o), L {tef) =

. Y(s)= 4 A N B N Cs+D Es+F

(s— 122412 (s—12 s—1 (32+1)2+ $2 +1

e Dung hé sb bat dinh c6
1 2 2s 2s +1

— + +
(3_1)2 3—1 (32+1)2 32+1

e Do dd y(t)=(t —2)e' +(t+1)sint +2cost.

(s—17

e Tac dong phép bién ddi Laplace vao cé (s4 1282+ 1)Y(s) -

(-1

HAVE A GOOD UNDERSTANDING!
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PHUONG TRINH VI PHAN VA Li THUYET CHUOI
BAI 15

§4. Pao ham, Tich phan, va tich cac phép bién doi
eTich chap clia hai ham Vi phan cta phép bién dbi eTich phan cta phép bién dbi
1. Mé& dau
e Phép bién doi Laplace clia nghiém cla mét phwong trinh vi phan doi khi la tich
clia cac bién doi ciia hai ham da bieét.
e Chang han, xét bai toan vai gia tri ban ddu x"+ x = cost; x(0) = x'(0) =
e Tac ddong phép bién dbi Laplace ta co:

s2X(s)-sx(0)- x(O)+X(s)— o X(s)= 28 . 21 =L {cost}L {sint}.
+ s“+1 s +1
. , , 2 1 S
e Mat khactacéd L {cost smt sm2t 5= # 5 -
's242 s +4 (32+1)

e Dodo L {costsint} =L {cost}.L {sint}
e R& rang rang, dé gidi dwoc bai toan trén, ta can tim ham h(t) sao cho
L {h(t)} =L {cost}L {sint}

2. Tich chap cua hai ham ]
Dinh nghia. Tich chap dbi v&i phép bién dbi Laplace ctia hai ham f, g lién tuc tirng

khuc dwoc dinh nghiia véi nhw sau: (f * g )(t) = If(r)g(t _ 1)z, t>0

e Tich chap la giao hoan

Vi du 1 a) Tinh (cost) *(sint)
t

costsin(t —7)dr = J.%[sint —sin(2z —t)]dr
0

e Taco (cost)*(sint) =

O ey ~+

1 1 £ 1 1 1
:—{rsint+—cos(21—t)} = —| tsint + —cost ——cos(-t) | = —tsint.
2 2 0 2 2 2 2
e —at—1
22

DPinhli1. e Giast f(t), g(t)lién tuc tirng khtc voi t >0

b) t+e? ) c) t? *cost (2(t —sint))

« [f(t)], g(t)| bi chan b&i Me® khi t — +w, cac s6 M, ¢ khong am.

Khi do taco L {f(t)=g(t)l =L {f()}.L {g(t)} va L "{F(s)G(s)} = f(t)*g(t)

* u=t—t % s(t-
Chirng minh. ¢ C6 G(s) = J.e_sug(u)du = J.e “g(t —1)dt
0 T
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o0

e Do do G(s) = eSTIe‘Stg(t —7)at

0
e V&i g(u)=0 khi u<0,co F(s)G(s) = G(s) j e S°f(r)dr = j e S7f(r)G(s)dr
0 0
.- j Sff(f)[ j eStg(t —T)dt}dl’ - j [ j e Stf(r)g(t —T)dt]df.
0 0 o\0

e Twr gid thiét da cho dbi the tw lay tich phan cé

o0 o0

0 t
F(s)G(s) = j e st [ j f(z)g(t T)dT}dt - j e st [ j f(z)g(t - ”L')dl'}dt
0

0 0
= [e™![F(t)* g ()]
0
e Do do F(s)G(s) =L {f(t)=g(t)}.

2
(s=1)(s%+4)

Vidu 2 a) Cho f(t)=sin2t, g(t)=e!. Tinh L

eTacd L {sin2t} =

2 a1
L _
= {et} —

o1 2 sm2t

(3-1)(32 +4)

. e
e —¢lle Tsm%dr—e{
0

t
jet sin2zdr
0

\

t
-7

(—sin2r —2cos 21)}
0

e‘[e5 (—sin2t - 20052t)——( 2)}

R :Eet _1sin2t—zc:052t
5 5 5
1 1
b) L~ {—} (—(1-cos2t))
3(32 +4) 4
~ 1 kt —sinkt
c)L! —} (——=—)
s2(s2 + k2) K3
d) L _1{ 1 } (1[1_6—2t(23int+cost):|)
3(32 +4S+5) S

3. Vi phan cua phép bién doi
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Pinh i 2. Gia s f(t) lién tuc tieng khuc véi ¢ >0, | F(t) < Me® Kkhi t — +o0, cac sb

M, ¢ khéng am thi cd L {-tf(t)} =F'(s), s>c (3.1)

o f(t)=L {F(s)} = —%L “HF(s)) (3.2)
Tdng quat ta co L {t”f(t)} — (~1"F(s), n=123,... (3.3)
Chirng minh.

+) T gia thiét = j e Stf () dt hoi tu tuyét déi, déu va ai(e—stf(t)) lién tuc, s > ¢
S
0

+) Do d6 F'(s):%je—stf(t)dt - I%(e—“f(t))dt
0 0

+) = e St(=tf(t))dt =L {~tf(t)}

Il
O—8

+) Ta chirng minh (3.3) bang phwong phap quy nap toan hoc. That vay,
n=1:tadaco L {tF(t)} =—F'(s)

Gia st dung n =k, tc co L {t5F (1)} = () F¥)(s)

Ta ching minh dung voi n = k +1, that vay

L itk (0 =L {etkr (D) = —%L {EF (1)} = -%((—1)" F® (9)) = (- FRD (s)

Vidu 1 a) TimL {tzsinkt}.

2 2
N . 2 . o2 d k _d k
eTw(3.3)taco L {t smkt}_(—1) d32(32+k2j_d32'32+k2

_d(  —2ks \_6ks® -2k’
ds[(serkz)z} (32+k2)3

2s3 — 24s

2 0
(S +4

d) x"+(t-2)x'+x=0, x(0)=0,

+) Tac dong phép bién dbi Laplace va st dung dinh |i 2 ta ¢6

S L ) :—%L (x) =—%< X (s) - x(0)),

Lt ==L 1) ==L 62X(5)- 5 x(0) - X (0)]

+) Thay vao phwong trinh ta c6
_9e2x(s)-x'(0)] =9 [sx(s)]-25X(s)+ X(s) =0
ds ds

2(332 + 68+ 7)

5
(s +1)*(s2+2s5+5)

b) L {t2cos2t] ( s>0) c) L {tesin?t] ( > 0)
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+) s(s+1) X'(s)+4sX (s) =0, la phwong trinh vi phan phan li bién sb, cé nghiém la

X(s)=—2 A0
(s+1)

+) x(t)=Ctet, C=0
e) tx"+(3t-1Dx'+3x=0 (x(t)=Ct?%e3,C =0)
Aix"+2(t-Dx-2x=0 (x()=Cll—t—e?2 —te®),C=0)

g (K55) 1°/ tx" + (t -1 x' +x=0. x(0)=0 (x(t)=ct’e”!, ¢=0)
2°/ tx"+(t-2)x'+x=0. x(0)=0 (x(t)=ct3e™, ¢#0)
h (K57) &x"+ (3t —D)x'+3x=0 , x(0)=0 (x(t)zth 3t c.0)

i (K60) tx"+(4t-3)x"+4x=0

Vidu2a) Tim L™’ {tan‘1 (1}
S

e Do dao ham cuda tan™ (1) la ham hiru ti, tr (3.2) ta co
S

L tan™ 1 :—lL - itan‘11
S t as S

. x(0)=0 (x(t)_ t4 -4 C20)

2

[ ] :—JL -1 LSZ :—1L _1{ 2_1 }:—1(—S|nt)

t 1+(1/8) t s°+1 t
oL {tan_1 (1)} _sint.

S t
2 —
b) LIS +1 (2(0052t cost)) 0) L‘1{tan‘1 3 }
s“+4 t S+2
e ?!sin3t

(————)

t
4. Tich phan cua phép bién doi
Dinh li 3. Cho f(t) lién tuc tirng khac déi véi t>0, 3 lim %t) | F(t) |< Me® khi

t—0*

t — 400, cac s6 M, ¢ khéng amthicéd L { } J.F(a Ydo, s>c¢ (4.1)

o f(t)=L {F(s)} =1L~ {IF(U } (4.2)

Chirng minh.

106



PGS. TS. Nguyén Xuan Thao thao.nguyenxuan@hust.edu.vn

+) T gia thiét = j e S (t)dt hi tu tuydt déi va ddu, s > ¢

+) Ta co TF(G)da = T{T e"tf(t)dt]da

s\ 0

X o0 Q[ o0 OOe t
+) T d6 ddi ther tu tich phan ta co IF(G)da - j Ie“’tf(t)da dt = j—

0
<ot O {10
t

0
Vidu1a) Tim L {S'r;ht}.

. .. Sinht . cosht
eTacd lim = |im =

t—>ot t—>0"

-L{S'”ht} J.L {sinht}do = do
S

I do= o=t s+t
2 0+1 2 o+1)y, 2 s-1

{smht} 1, s+1
o | —In——
t 2 s-1

{Hﬁ} (%In(32+4)—lns,s>0)

S

b) L

t ~t

c) L {e _te } (In(s+1D—=In(s=1), s>1)

Vidu2a)Tim L~ Lz .
(s*-1)

o0

e T (4.2)co L {Lz} — L IZ—GdG

IR
o=t~ {L;Lf} =L _1{321—1} = t.sinht

e f(t)=tsinht thod man dinh Ii 3.
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L1125 _|_tsinnt

#-7f

b) L~ {%} (1(tsint—t2 cost))

(32 + 1) 8
5. Phép bién déi cua ham lién tuc tirng khuc
a) Dat van dé

e Cac m6 hinh toan hoc trong hé co hoc hay hé d[én thwong Iiér] quan dén géc ham
khong lién tuc twong trng véi cac lwc bén ngoai bat ngd dao chieu bat hay tat.

e Ham don gian bat, tat 1a ham bac thang don vi tai t = a (ham Heaviside)

0 t
ué,(t):u(z‘—a):{1 t;:

c6 dd thi nhuw sau

r=u,ll)

I
ed

Hinh 4.5.1. B thj cia ham don vij bac thang
b) Phép tinh tién trén truc ¢
Dinh li 4. Néu L {f(t)} ton tai v&i s > ¢, thi co
L {u(t—a)f(t—a)} =e *F(s)=e *°L {f}
(2.1)
va L {e-aSF(s)} —u(t—a)f(t—a)=u(t—al "{Fi(t-a), s>c+a
(2.2)

wlf = adfir =l

i

Hinh 4.5.2. Tinh tién cla f(t) vé phia phai a don vi
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Chimng minh. +) Ta c6 e #F (s) = j e ST f (1) gy

+)Ddibién t =7 +a,tacé e F(s)= Ie‘Stf(t—a)dt

t<a o
, nén cod
(t-a), t>a

+)Do u(t-a)f(t-a)= {0

e ¥F(s)= j.e‘Stu(t —a)f(t—-a)dt=L {u(t-a)f(t-a)}.

3

. 1,0 . -1 e
Vidu 1. Cho f(t):Et . Tinh L
S

—as

. T (2.2) 6 H{e?) }—u(t—a)L1{si3}(t—a) u(t-a)2(t-ay

S

t<a

'| il
x=gu AN —a)”

!

Hinh 4.5.3. D6 thj cta bién dbi ngwoc trong Vi du 1

Vidu2. Cho gt)=1o. ' ~° Tim L {g(®)}
1 dU <. (0] = . im
' J t?2 t>3 J
e Do g(t)=t? nénco f(t)=(t+3)°
2 6.9
e F(s)=L {t?+6t+9!=S+—+=
(s)=L | | St Ity
~ . , , _33 _33 2 6 9
e T dinh lico L {g(t)) =L {u(t—3)f(t-3)} =e °F(s)=e | S+ S+~
s s% s

cos 2t 0<t<2r

Vidu 3 a) TimL {f(t)! néu f(t)=
132 Timl. {1(0) néu 1) {0 ol
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o f(t)=[1-u(t-2r)|cos2t = cos2t — u(t - 2z)cos 2(t - 2r)

oT&dth1céL.UU»:L{aBZQ—GQ“L{amZﬂzfgéfé?D.
b) (1) = {0 0£<tg<1 vat>4 (F(S):ﬁ)

c) F(t) = {gB”tO‘t<2 (F()——%:%?ﬂ)

d) f(t):{: o (Fs)-1=5-)

Vi du 4. M6t vat nang 32 |b (1 Ib = 450 g) dwoc gan tw do vao mét Io xo bj cang ra
1 ft b&i moét lwe 4 Ib. Khoi lwong nay ban dau & vi tri can bang. Bat dau tai thoi

diém t =0 (Ian th& hai), mot lwc & bén ngoai f(t) =

cos2t dwoc tac dong vao vat

nay. Tuy nhién tai thoi diém t = 27 luc nay bj mat di (dot ngét khong lién tuc). Sau
do vat nay lai tiep tuc chuyen doéng mot cach tw do. Tim ham vi tri x(t) cua vat da

cho.
e Chuyén vé bai toan gia tri ban ddu x"+4x =f(t); x(0)=x'(0)=0
cos2t, 0<t<2
& do f(t) = i
0, t>2r
e Tac dong phép bién dbéi Laplace vao hai vé ta ¢o
S 1_ e—277.'S
(2 +4)X(s) = F(s)= 1€ ")
s +4
L] X(S):%—G_ZES;Z.
(s + 4) (32 + 4)
-1 S 1, .
° Do L — =—tsin2t;
(32 + 4) 4

|__1 e—27rs 23 >
(s +4

| }—u(t—zﬂ).t‘

o T do ta co x(t)—L1{

= %tsinZt —u(t—2rn). t

27 sin2(t - 27)

—2r sin2(t —2rx) =

%[t —u(t - 27).(t - 27)|sin 2t
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1tsin2t, t<2rm,
EﬂsinZt, t>2r.

Ta thay, vat dao dong vdi tan sO » =2 va véi bién do tang tuyén tinh den khi luc
dwoc bo di tai thoi diem t =27. Sau do, vat tiép tuc chuyén dong voi cung tan so

nhwng v&i bién dd dao déng % Luc F(t)=cos2t co thé tiép tuc dwoc cong huwédng,
tuy nhién ta thiy né bj bién mét ngay 1ap tirc tai thdi diém né khéng con tac déng niva.
Vi du 5. Giai bai toan gia tri ban dau mx” +cx’+ kx =f(t), x(0)=x'(0)=0

1, 0<t<2

a)m=1k=4,c=5"1(t)=
) (®) {O, t>2

(x()=g(t)—ut—2)g(t-2), g(t) =—-(3 - 46~ + &*))

12
t, 0<t<1
b) m=1k=1c¢=0, f(t)={0, ‘1
(x()=g®)—ult-D[gt -1 +h(t-1], g(t) =t —sint, h(t)=1-cost)

1, 0<t<n~x

¢ (K55) 1°/ x"+9x =f(t), x(0)=x'(0) =0, f(t):{O, t>r

(x(t) = %[1 —u(t-n)-(1+u(t-7))cos3t])

1, 0<t<~rx

2°/ x"+16x =f(t), x(0)=x'(0)=0, f(t) :{
O t>r

(x(t) = i[1 —u(t-m)][1-cos4(t-n)])
0<r<l1 16
,x(0)=0=x'(0)

1
d (K57) x"+x = £ (), f(t)={0 .

(x(t)=1-cost —[1—cos(t —D]u(t -1))

Dwéi day la cac bang cong thire :
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BANG 2
f(t) L {F(D)}(s)
e%f (t) L {f(t)}(s—a)
u(t—a)f(t-a) e L{f(t)}(s),a>0
" (1) L (r)s)
ds
(f*g)(t) F(O}(s)L {g(®)}(s)
£(t) T
— _[L F()}(r)dr
£ (¢) s"L {F(O}(s)=s" Y (0)=s"2F(0)—--.— " (0)
t
If(T)dT -%L.{f(f»(s)
0
BANG 3
F(s) L "YF(s)}(t)
F(s) —}L TF () (1)
F(s) L 1{]F(5)d5}(t)
F(s-a) e?L “1{F(s)}(t)
e 3F(s) u(t—a)Ll "{F(s)}(t-a)
F(s)G(s) (L {F ()} +L MG (s)))(®D)
t
F(s) [LF ) (e
S 0

THE END.

Thank you and good bye!
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